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Abstract

We derive optimal weights for Markov switching models by weighting observations
such that forecasts are optimal in the MSFE sense. We provide analytic expressions of
the weights conditional on the Markov states and conditional on state probabilities. This
allows us to study the effect of uncertainty around states on forecasts. It emerges that,
even in large samples, forecasting performance increases substantially when the
construction of optimal weights takes uncertainty around states into account.
Performance of the optimal weights is shown through simulations and an application to
US GNP, where using optimal weights leads to significant reductions in MSFE.
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1 Introduction

Markov switching models have long been recognized to suffer from a discrep-
ancy between in-sample and out-of-sample performance. In-sample analysis
of Markov switching models often leads to appealing results, for example the
identification of business cycles. Out-of-sample performance, in contrast, is
frequently inferior to simple benchmark models. Examples include forecast-
ing exchange rates by Engel (1994), Dacco and Satchell (1999) and Klaassen
(2005), forecasting US GNP growth by Clements and Krolzig (1998) and
Perez-Quiros and Timmermann (2001), forecasting US unemployment by
Deschamps (2008), and forecasting house prices by Crawford and Fratan-
toni (2003). Additionally, Guidolin (2011) provides a recent review of the
use of Markov switching models in finance.

In this paper, we derive minimum mean square forecast error (MSFE)
forecasts for Markov switching models by means of optimal weighting schemes
for observations. We provide simple, analytic expressions for the weights
when the model has an arbitrary number of states and exogenous regres-
SOTS.

Initially, we assume that the states of the Markov switching model are
known and, in a second step, relax this assumption. Conditional on the
states of the Markov switching model, the weights mirror those obtained
by Pesaran et al. (2013), which emphasizes the correspondence of struc-
tural break and Markov switching models for forecasting purposes. The
weights depend on the number of observations per regime and the relative
differences of the parameter between the regimes. While, conditional on the
states, the usual Markov switching forecasts assign non-zero weights only to
observations from the same state as that of the forecast period, the optimal
weights assign non-zero weights to observations from all states. Using all
observations reduces the variance of the forecast but introduces a bias, and
optimally weighting all observations ensures that the trade-off is optimal in
the MSFE sense. In the case of three regimes, the weights have interest-
ing properties: for some parameter values, the optimal weights correspond
to equal weighting of observations; for another range of parameter values,
observations in regimes other than that of the future observation will be
most heavily weighted. However, conditional on the states of the Markov
switching model, the optimal weights can be written as O(1/T) corrections
to the usual Markov switching weights, which suggests that, conditional on
the states, standard Markov switching weights achieve the minimum MSFE
asymptotically.

In practice, the states of the Markov switching model are not known
with certainty. We therefore relax the assumption that the states are known
and derive weights conditional on state probabilities, which is the infor-
mation used in standard Markov switching forecasts. Contrasting weights
conditional on states with those conditional on state probabilities leads to



interesting insights into the role uncertainty around states plays for fore-
casting. While weights conditional on states and the weights implicit in
standard Markov switching forecasts downplay the Markov switching na-
ture of the data when estimates of states are plugged in, weights conditional
on state probabilities retain the emphasis on the Markov switching nature
of the data. This results in relative forecast performances where optimal
weights conditional on state probabilities perform the better the larger the
difference between the regimes in terms of their parameters and the larger
the variance of the estimated smoothed probabilities. The reason is that
in these scenarios the quality of the Markov switching forecast deteriorates,
whereas the MSFE from the optimal weights conditional on state proba-
bilities remains largely unaffected. The forecast improvements from using
optimal weights do not vanish as the sample size increases as the standard
weights and the optimal weights conditional on the state probabilities are
not asymptotically equivalent.

These findings provide insights into the performance of the optimal
weights proposed by Pesaran et al. (2013) for structural breaks. These
authors show that, in the case of a structural break, the time of the break
is of first order importance for the optimal weights. This corresponds to
the membership of the observations to the states in the Markov switching
model. The results from our analysis suggest that, in the structural break
case, the plug-in estimator of the weights in Pesaran et al. (2013), which is
derived conditional on break dates, will result in weights that are too close
to equal weights. This explains the relatively poor performance of these
weights in the empirical application reported by Pesaran et al. (2013).

We perform Monte Carlo experiments to evaluate the performance of
the optimal weights. The results confirm the theoretically expected im-
provements. The weights that are derived conditional on the states improve
for small values of the break size and small samples. The weights based
on state probabilities produce substantial gains for large break sizes and a
large variance in the smoothed probability vector, and these improvements
increase with the sample size.

We apply the methodology to forecasting quarterly US GNP. Out-of-
sample forecasts are constructed over 124 quarters for a range of Markov
switching models. At each point, forecasts are made with the Markov switch-
ing model that has the best forecasting history using standard weights. With
this model we calculate forecasts based on the standard Markov switching
weights and the optimal weights developed in this paper. The results suggest
that the forecasts using optimal weights significantly outperform the stan-
dard Markov switching forecast. We compare our forecasting schemes to a
range of linear alternatives and find that they lead to improved forecasts.
We analyze the sensitivity of the results to the choice of the out-of-sample
forecast evaluation period using the tests of Rossi and Inoue (2012), which
confirm our findings.



The outline of the paper is as follows. Section 2 introduces the model and
the standard forecast. In Section 3 we derive the optimal weights for a simple
location model, and in Section 4 for a model with exogenous regressors.
Monte Carlo experiments are presented in Section 5 and an application to
US GNP in Section 6. Finally, Section 7 concludes the paper. Details of the
derivations are presented in the Appendix.

2 Markov switching models and their forecasts

Consider the following m-state Markov switching model
Y = ,B'Stxt + 05,6, Et~ Zld(o, 1) (1)

where 3,, = B'sy, B = (81,05,...,8,,) is an m x k matrix, 3; isa k x 1
parameter vector, x; is a k x 1 vector of exogenous regressors, os, = o'sy,
o = (01,092,...,0,) are m x 1 vectors of error standard deviations, and
st = (S1t,82t,---,5mt)’ 1s an m x 1 vector of binary state indicators, such
that s;; = 1 and sj; = 0, j # 1, if the process is in state ¢ at time ¢.

This is the standard Markov switching model introduced by Hamilton
(1989). The model is completed by a description of the stochastic process
governing the states, where s; is assumed to be an ergodic Markov chain
with transition probabilities

P11 P21 - Pmil
p_ p.12 P?Q e prfm?
Pim P2m - Pmm

where p;; = P(sjs = 1|sjs—1 = 1) is the transition probability from state 4
to state j.

The standard forecast, in this context, would be to estimate 3,, i =
1,2,...,m, as

T
B = (Z éfitXtXQ/U?) 2 Eaxeye/o} (2)
t=1 t=1

where éit is the estimated probability that observation at time ¢ is from state
i using, for example, the smoothing algorithm of Kim (1994). The forecast
is then constructed as gri1 = Yo éi7T+1X/71+1Bi, see Hamilton (1994).

In this paper, we derive the minimum MSFE forecast for finite samples
and different assumptions about the information set that the forecast is
based on. We replace the estimated probabilities by general weights w; for
the forecast 41 = X’THB(W), so that

T
B(W) = (Z thtX£> Z WXt Yt
t=1 t=1
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subject to the restriction Zthl wy = 1. The forecasts are optimal in the
sense that the weights will be chosen such that they minimize the expected
MSFE.

3 Optimal forecasts for a simple model

Initially, consider a simple version of model (1) with £ = 1 and x; = 1 such
that
Y = ,6/875 + U/Stft, gt~ nd(O, 1) (3)

where 3 = (81, B2, ..., Bm)’. We use this simple model for ease of exposition
but will return to the full model (1) in Section 4 below.

We can derive the optimal forecast by using a weighted average of the
observations with weights that minimize the resulting MSFE. The forecast
from weighted observations for (3) is

Yyre1 = D, wiy (4)

subject to Z?:l wy = 1.
The forecast error, which, without loss of generality, is scaled by the
error standard deviation of regime m, is

-1 -1 ~
Om ers1 = 0y (Yyre1 — 9741)

I / 14 /
= NSyt dsrpere — ) w NS — Y wiq'sig

t=1 t=1
where
(B2 = B1)/om 01/0m St
\ = (B3 — 251)/07,1 q= J2/:Um and 3, — S?t
(B = B1)/m 1 S

and the scaled MSFE is

T
E (0'_26%+1) = E ( <ST+1 Z wtst>> q ST_H)Q] - Z th [(q St) ]

t=1
— E[8p, ANsr] - 2w'E (S [ AN sT+1]
+wWE [Q’AXS] w+ E[(d'sr41)?] - WE[Q]w
R [E[Q] +E [S’AXSH w— 2w'E [S’AX%TH] (5)

+E [87 1 ANSr1 ] + E[(d'sr41)?]



where S = (81,82,...,87), S = (s1,82,...,s7) and Q is a diagonal matrix
with typical (t,t)-element Qu = .10 42 it
Furthermore, define

M = E[Q] + E [é’AXS] (6)

and note that M is invertible as Q is a diagonal matrix with positive entries
and E [S/)\)\'g] — Cov(S'A) + E(S’A)E[NS], so that M is the sum of a
positive definite matrix and a positive semi-definite matrix and therefore
itself positive definite.

Minimizing (5) subject to Zthl wy = 1 yields the optimal weights

M1,

-1 & ~
w = M E[S’AXSTH]+7L,M_1L

(1 —J/M™'E [g,)\)\lgT+1]) (7)
The MSFE given by (5) when applying the optimal weights (7) is

(1 —J/ME [S’AX%THDQ
VM1,
_E [S’AX%TH]/ M™'E [S’AA’éTH] +E[(d's741)%]

MSFE(w) +E[S7  ANSrq]  (8)

In order to proceed, we need to specify the information set that is avail-
able to calculate the expectations in (7) and (8). Initially, we will base the
weights on the full information set of the DGP, including the state for each
observation. Clearly, this information is not available in practical applica-
tions. However, the resulting analysis will prove to be highly informative.
In a second step we will allow for uncertainty around the states. This will
enable us to analyze the differences between the plug-in estimator for the
weights that assume knowledge of the states and optimal weights that are
derived under the assumption that the states are uncertain.

Note that we condition on A throughout our analysis. The reason is
that, as Pesaran et al. (2013) show, the importance of the time of the break
(or in our case, states) is of order O(1/T") for the optimal weights whereas
that of \ is of order O(1/T?).

3.1 Weights conditional on the states

Conditional on the states the expectation operator in (6), (7) and (8) can
be omitted such that M = Q + SAN'S and E (S'M’sﬂl) — §'ANEr, .
Given the number of states, weights can now readily be derived.



3.1.1 Two-state Markov switching models

In the case of a two-state Markov switching model, § = (s21, $22, ..., So7)’
and therefore M = Q + \288’ for which the inverse is given by

)\2
—1 -1 —lzz/(y—1
A L T
)\2
_0O-1_ aa/
-Q 1+ )\2T7T2 53

where \2 = % and m; = %Zthl sit- The elements of the diagonal

matrix Q are Qu = sy + sy with ¢ = o
weights:

When S1,T+1 = 1,

This yields the following

1 1+ TA%my
A if 510 =1 9
wn T7r2q2 + 7T1<1 + T7T2)\2) o ( )
1 2
wiy = q if 5o = 1 (10)

Tﬂ'2q2 + 7T1(1 + T7T2)\2)

where w;; = w(s; 741 = 1,55 = 1).
When S2.T+1 = 1,

! L if sy = 1 (11)
w = — 1L S =
= T[qu -|-7T1<1 +T7T2)\2)] 1t
1 24 T)\2
Wy = — ¢ AT if s = 1 (12)

T [71’2(]2 + 7T1(1 + T7T2)\2)]

Note that, conditional on the state of the future observation, the weights
are symmetric under a relabeling of the states. Derivations are provided in
Appendix A.1.1.

The weights are equivalent to the weights for the break point process
developed by Pesaran et al. (2013). This implies that, conditional on the
states, a Markov switching model is equivalent to a break point model with
known break point with the exception that the observations are ordered by
the underlying Markov process.

Since the weights wis and ws; are nonzero, the decrease in the variance
of the optimal weights forecast should outweigh the increase in the squared
bias that results from using all observations. The expected MSFE under the
above weights is

2(1 if =1
(1 +wn) if sy (13)

E[o;2e2 ¢ =
[0 “eTs1]op 1+ woy if sprgy = 1



Table 1: Ratio between the expected MSFE for optimal weights and for
standard MS weights, T' = 50

A g=1 q=05
=01 0.2 0.5 0.1 0.2 0.5

0 0.8500 0.9273 0.9808 0.8500 0.9273 0.9808
0.5 0.9294 0.9758 0.9953 0.9268 0.9745 0.9949
1 0.9727 0.9919 0.9986 0.9724 0.9918 0.9985
2 0.9921 0.9978 0.9996 0.9921 0.9978 0.9996

Note: Reported are the ratio between (13) and (14) when s, 741 = 1

for different values of A, the difference in means, and ¢, the ratio of

standard deviations, and 72, the proportion of observations in state 2.

We can compare this to the expected MSFE for standard Markov switch-
ing weights, which is given by

P+ 7)) ifsiri=1

. (14)
1+ %M if S$o.7+1 = 1

E[052€%+1]MS = {

It is easy to show that E[o; %€%, 1 Jopt < E[05 *e%;]ms. Numerical examples
of the magnitude of the improvement in MSFE is presented in Table 1,
which shows that the improvements scale inversely with the break size. The
intuition for this result is that the observations of the respective other state
are increasingly useful for forecasting the smaller the difference between
states. In fact, it is easy to show that the difference between (13) and (14)
is maximized when A = 0.

3.1.2 Three-state Markov switching models

If sj74+1 = 1, then define ¢? = af/ojz- and \? = (B; — ,Bj)Q/O'JZ where 7, j €
1,2,3. The weights are

wjj = % R 13+ T%:?:l qij)\_%;i
Y1 @ mi AT Y D1 G Gm TiTtmAm (A — i)
Wik = 1 G+ Ty * Xty 4 AN = M) (15)
Ty a7 T+ T Y Y1 65 g mimmAi( N — Am)
wjy ! q” + Tqr* Xty a7 *Nimi(Ni — M)

TS g AT S g gt mimm Am (A — Am)

Derivations are in Appendix A.1.2.
Figure 1 plots weights (15) for A3 over the range —3 to 3, and Ay = —2.5,
m = 0.2, m =73 =04, T =100 and g1 = g2 = 1 for s1441 = 1, that is,



Figure 1: Optimal weights for three state Markov switching model
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Note: The graph depicts the optimal weights (15) when s1,741 = 1, for A3 over the range
—3to 3, Ao = =25, T =100, m1 = 0.2, and w2 = w3 = 0.4. The solid line gives the
weights for the observations where s1; = 1, the dash-dotted line those where s2; = 1, and
the dashed line those for s3; = 1.

the future observation is known to be from the first state. The standard
Markov switching weights are independent of the break size with w1 = 0.05
and wy; = 0 for 7 # 1 and therefore not included in Figure 1.

On the left of the graph, where A3 = —3, the observations from state 1
receive nearly all the weight, those from state 2 receive a small positive
weight and those from state 3 a small negative weight. When A3 = —2.5
the weights for so; = 1 and s3; = 1 are equal and close to zero. The
intuition for the equal weights is that at Ay = A3 the DGP is essentially a
two state Markov switching model and the observations for the states with
equal mean receive the same weight. The relatively large difference between
the mean of state 1 and that of the other states is due to the fact that the
observations from the other states induce a large bias, and therefore weights
on observations with s9; = 1 and s3; = 1 are very small.

As )3 increases, weights for observations from state 3 increase until, at
A3 = 0, they are equal to those for observations with s;; = 1. That is,
as the third state becomes increasingly similar to the first state and the
observations increasingly useful for forecasting. At A3 = 0, the first and the
third state have identical means and the observations therefore receive equal
weight.

As A3 increases further and 0 < A3 < 2.5, the observations from the
third state are weighted heavier than the observations from the first state
even though state 1 is the future state. The reason for this at first sight
surprising result is that, in this range, the means of observations from state
2 and state 3 have opposite signs. As the bias induced by the observations



Figure 2: MSFE of optimal weights relative to standard Markov switching
weights
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Note: The figure displays the ratio of the MSFE of the optimal weights relative to that
of the standard MSFE forecast for 7' = 100, m1 = 0.2, w2 = w3 = 0.4 for a range of values
for A2 and 3.

from the second state is, in absolute terms, larger than that from the third
state, the weights on the observations from the third state receive a larger
weight to counteract this bias.

At A3 = 2.5 = —)\s all observations receive the same weight of % At
this point, the mean of the observations with s1; = 1 is between and equally
distant to the means of observations with so; = 1 and s3; = 1, which implies
that with equal weight any biases arising from using observations of the other
states cancel. In this case, the optimal weights effectively ignore the Markov
switching structure of the model and forecast with equal weights, which is a
very different weighting scheme from that suggested by the Markov switching
model.

As in the two state case, when s; 741 = 1 the expected MSFE using the
optimal weights is of the form

(14 wjy) (16)

A8

E[U;2€2T+1]opt =

with w;; given in (15). For the Markov switching weights we have

[\

0.1 1
21t 7o)

<

E[U;2e%+1]MS =

SN
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Table 2: Maximum improvements in a three state model with s; 7,1 =1

m; T =50 100 200

0.1 0.8500 0.9182 0.9571
0.2 09273 0.9619 0.9805
0.5 0.9808 0.9902 0.9950
Note: The table reports the max-

imum improvement in relative
MSFE (17).

Figure 2 displays the ratio of MSFE of the optimal weights relative to
that of the standard MSFE forecast for T' = 100, my = 0.2, m9 = 3 = 0.4
for a range of values for Ay and A3. At Ay = A3 = £3 the gains from using
optimal weights are very small. In this case, the model is essentially a two
state model with a large difference in mean between the states. When A9 and
A3 are of opposite sign, the improvements are the largest. We can therefore
expect most gains when the observation to be forecast is in the regime with
intermediate location.

The conditions under which the optimal weights result in the largest
gains can be established formally. For given 3; and f, the value of 3; that
implies the largest improvement in forecasts can be found by maximizing
(16) with respect to 3;, which yields

8 = GmB + ¢ kB
! ﬁm+ﬁm

Hence, the largest gain occurs when the regime to be forecast is located at
the probability and variance weighted average of the other two regimes. The
reason is that, in this case, the means of the other regimes are located such
that they are optimally used to reduce variance and bias at the same time.
As an example consider ¢; = g5 = 1, the weight wj; is then equal to 1/T
and the maximal expected improvement in MSFE of the optimal weights

compared to the usual Markov switching forecast is given by
E[U]'_Qe%q_l]opt B 1+ %

—2 - 1
E[O'j 6%+1]MS 1 + Tiﬂ'J

(17)

where 7; is the percentage of observations in the regime to be forecast.
Numerical values of (17), given in Table 2, show that optimal weights lead
to larger improvements for smaller 7" and ;. It is interesting to note that
the maximum improvement is the same as in the two state case.
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3.1.3 m-state Markov switching models

For sj7y1 = 1 we set \; = ﬁzgijﬁj and ¢; = Z—;, which gives for the weights

for observations with s;; = 1
1 g2 A+ T g imi(Xi — o))
T3, q;Qm +T 25000 2k QIzq,;2ﬂiﬂkAi(Ai — k)

As in the previous cases, the expected MSFE when s; 711 = 1 is

’U)jl = (18)

—2 2 g
Elo; e 1]opt = ?(1 + wj;)
(2
The derivation of the weights and the MSFE is in Appendix A.1.2. The
maximum gain is realized when the mean (; satisfies

-2
B 2221 dx T B
- -2
21 Gy Tk

Bj

The minimum MSFE is then

1 1 1
E0'4_2€2 = — 02+—7
el =\t T
and when the variances are equal this reduces to

1
E[o;%¢t ] =1+ T

Thus, the maximum improvement is independent of the number of states
when all variances are equal.

3.1.4 Large T approximation

Interesting results can be obtained when considering the large sample ap-
proximation of the two state weights. The optimal weight assigned to an
observation is given by

_|_
moq® + w1 (1 + N2T'mo) o1t m2q? + 71 (1 + N2T'mg) 52t
1 @ + NTmy
m2q? + w1 (1 + N2T'my) m2q? + m (1 + N2T'my)

1+ )\2T7T2 q2
Tw =s17+41

+52,T+1 [

We approximate this expression using that (1 + £)71 =1 — £ + O(T~?),

where 0 = (maq® + m1)/(A\2mamy). This yields

T L 14 P +
w=|—— =575 | S1tS — 5 S59tS
- T)\QTI'% 1t51,T+1 T Ny 2t51,T+1
1 1 1 1 (19)
- —_— = O(T ™2
T Ny 51¢82,T+1 + (772 T AQW%) satsa 71 + O( )

12



Hence, the standard Markov switching weights are optimal up to a first order
approximation in 7T'. It is worth noting that this is equivalent to the result
obtained by Pesaran et al. (2013) for the structural break case where the
first order approximation gives zero weight to pre-break observations and
equally weight the post-break observations. This result in (19) also suggests
that, in a Markov switching model, accurate estimation of the proportions of
the sample in each state is of first order importance, whereas the differences
in means are of second order importance to obtain a minimal MSFE. This is
the motivation for considering the uncertainty around the state estimates,
which we turn to now.

3.2 Optimal weights when states are uncertain

We will now contrast the weights conditional on the states with the weights
that do not assume knowledge of the states. The expectations in (7) can
be expressed in terms of the underlying Markov chain. However, it turns
out that in this case analytic expressions for the inverse of M cannot be
obtained. In Section 3.3, we will show how numerical values for the inverse
can be used to calculate numerical values for the optimal weights.

In order to analyze the theoretical properties of the optimal weights, we
need analytic expressions for the weights, which will allow us to contrast
them with the weights that are derived conditional on the states. Such ex-
pressions can be obtained by making the simplifying assumption that we
can condition on given state probabilities. Estimates of the probabilities
are available as output of the estimation of Markov switching models, and
this information is also used for the standard forecast from Markov switch-
ing models in (2). Note, however, that this is, in fact, more general than
the Markov switching model and can accommodate state probabilities from
other sources such as surveys of experts or models outside the one under
consideration.

Denote the probability of state ¢ occurring at time t by &;. The expec-
tations in (7) and (8) are then

e §it&jarm i #jm=0

We will initially focus on the two state case, but we will extend the analysis
to m states below.

3.2.1 Two-state Markov switching models

In a two state model, we have S = sy = (821,822, ...,827). The matrix M
in (7) is given by

M=\ + N>V + P+ (1 - A=
=\%¢¢ +D

13



[

with & = (521,522,. .. ,ng), = dlag(ﬁ), V = E(I — E), and D = A2V +
*I+ (1 — ¢*)2 and again q = 01/02. The inverse of M is

M'!'=D"!- H)\;\;q)_lgD_lﬁilD_l (20)
Using (7) and (20) yields
w = N MLE+ M [1 - N& /M e (21)
’ /M~ ’

Denote the typical (¢,t)-element of D! by d;, where

dy = [N (1—&a) + ¢+ (1 - q2)£2’t]71

Then, the weight for the observation at time t is given by

dy [1 + XS dy (o — Eov) (o — §2t')]

Wy = T T T T 2 (22)
Zt’:l dy + A2 [(Zt’—l dt'£§t’> (Zt’:l dt’) - (Zt’:l dt’th/) ]
The expected MSFE can be calculated from (5) and reduces to
Eloy et 1] = (1 + M&ri1(l — &) (1 + wria) (23)
where wr41 is given by (22).
When T is large, weights (22) can be written as
-
~ ’ d ’ — ’ — ’
wy = dtZH v (So,r+1 — &) (& — Eov) L OTY) (24)

~ ~ 2
Stovdy (&0 = by duar)

where d; = di/(YL_, d;). Derivations are provided in Appendix A.2.1.
While the weights in (22) and (24) provide closed form solutions, inter-
pretation can be aided by momentarily making the simplifying assumption
of constant state variances.

Constant state variance The interpretation of (22) and (24) is compli-
cated by the fact that £ is a continuous variable in the range [0,1] — as
opposed to the binary variable so; for the weights conditional on states — so
that an infinite number of possible combinations of £o; over t is possible. In
order to simplify the interpretation of the weights, we will therefore, for a
moment, assume that the variance of the states is constant and denoted as
2 _
o5 = &t(1 — ).
Summing o2 over ¢ and solving for o2 yields
1 F\2
= D (&t — &) (25)

t

Ug =&& —

14



where & = %Z?glglt and & = %Zle &9¢. Note that the maximum value
of 02 is given by &¢7, which occurs when the probability vector is constant.
In the case of a constant o2, d; simplifies to 1/T". Hence, (22) can be written

as ) )
_ 1 o (21711 — &) (2t — &2)
Wy = — (1+/\ (TCZ)_1+)\2(51§_2—03)>

T
and the large T approximation (24) as

1 (&1 — &)(Ex— &)

wr = =+ == 26
A T GT) (26)
The standard Markov switching weights can be expressed as
) o z
WS — L (&2,r+1 — &) (§2t — &2) 27)

T T&1&

see Appendix A.2.2. From a comparison of (26) and (27) it is clear that
the two weights differ by the factor o2 in the denominator and that this
difference will not disappear asymptotically. Effectively, the Markov switch-
ing weights are more conservative as the optimal weights exploit the regime
switching structure more strongly because of the smaller denominator in
(26) compared to (27).

The MSFE for the optimal weights and for the standard Markov switch-
ing weights under constant state variance are

E[oy et ilope = [1+ X6 ria(1—&ari1)]
1 M (i1 — &)
% (1 + T + 1+ 2202 + N2T(&(1 - &) — U%)) (28)
E[oy%e3 1]ms = 1+ XN&r(l— &) + %()\20? +1) (29)
Sori1 — & 2{1 AN 2y (2.2 24]
(52(1 — &) > 7(&(1=&) —0)) (Wog +1) + Moy

The MSFE for the optimal weights is derived from (23) by substituting
in the weights in (22) and using the fact that d; = 1/T and d; = d, for
t=1,...,7+ 1. The MSFE for the Markov switching weights is derived in
Appendix A.2.2.

Table 3 displays the improvements in forecast performance expressed as
the ratio of (28) over (29) for different values of &, 62 = 02/(£2€1) and \ for
T = 100. The results indicate that the optimal weights lead to larger gains
when ) is large and when &3 is closer to 0.5. The influence of o2 is U-shaped
with the largest improvement when o2 = 0.6. The results in Table 3 show
that the improvement can be as large as 11.3% for the range of parameter
values considered here.

15



Table 3: Maximum improvements in a two state model with T" = 100

&
52 0.1 0.2 0.3 0.4 0.5
A=2 0 1.000 1.000 1.000 1.000 1.000

0.2 0.993 0.986 0.981 0.979 0.978
0.4 0.977 0.960 0.950 0.944 0.942
0.6 0.967 0.946 0.934 0.927 0.926
0.8 0.974 0.957 0.948 0.944 0.942

A=3 0 1.000 1.000 1.000 1.000 1.000
0.2 0.982 0.969 0.962 0.958 0.957
0.4 0.951 0.926 0.913 0.907 0.905
0.6 0.935 0.908 0.895 0.889 0.887
0.8 0.949 0.930 0.921 0.917 0.916

Note: The table reports the ratio of the MSFE of the optimal
weights to that of the Markov switching weights conditional
on a constant state variance o2. A = (2 — 81)/o denotes the
scaled difference between means, & the average probability
for state 2, and &2 is a negative function of the variance of
the state 2 probability.

In this simplified framework, the increase in forecast accuracy does not
disappear when the sample size increases. The asymptotic approximation
to the MSFE under optimal weights is given by

E[U(%GQTH]Opt =1+ )‘252,T+1(1 - 52,T+1) + O(TA) (30)

and that under standard Markov switching weights is

F N2
2,7+1 — &2 _
Elogerilvs = 1+ M&r(l— ) + (5 : gg : ) Mot o)
281

(31)
The difference between (31) and (30) is positive and does not disappear
asymptotically. The relative improvement is expected to be high when A,
Jg, and the difference & 741 — &2 are large.

3.2.2 m-state Markov switching models

The derivations can be extended to an arbitrary number of states. Note
that M = E[Q] 4+ E[S’AX'S] and that we can write

E[S'AN'S] = E[S|'ANE[S] + A
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where, conditional on the state probabilities, £, 7 = 1,2,...,m,

m m 2
Z 2g; — (ZA]-EJ-)

and Ej is a 7' x T" diagonal matrix with typical element j;. Define £ =
E[S]'A, which is a T' x 1 vector, and D = E[Q] + A. Then the inverse of M
is
1 e
M'!=D'- DD
1+£&D1E

We can use (7) to derive the weights similar to the case of the two-state
weights

o i )[1+ (Zy 1 t’ (& — ft')(éTH—ét'))] (32)

t'= 1d(m) ( t'= ldt’ gt’)( t'= 1d( )> ( t= 1dm)ft')

where now we have

[ m m m 2
dy" = Zﬁ@+2@@—<2&@>
j=1 j=2 j=2

- -1

- Z%+V§t<ZA@>

& = 2 EitAj
j=2

-1

and where we have used the fact that Ay = 0.

Examples of weights for a three state Markov switching model over a
range of A3 for T' = 100, m; = 0.2,m9 = w3 = 0.4 and Ay = —2.5 are
plotted in Figure 3. For simplicity of exposition, we assume that the state
probabilities are identical for each state in the sense that a prevailing state
has &; = 0.8 and other states §j; = 0.1. The light gray lines represents the
optimal weights (15) that are conditional on the states. The graph on the
left plots weights (15) substituting the probabilities &; for the states s,
that is, the plug-in estimator of the weights as the black lines. The graph
on the right plots the weights (32) as the black lines.

The graph on the left shows how the introduction of the probabilities
brings the weights closer to equal weighting compared to the weights for
known states. This contrasts with the weights that explicitly take the un-
certainty around the states into account. In the plot on the right these
weights are very close to the weights conditional on the states. Hence, using
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Figure 3: Optimal weights for three state Markov switching model

Weights wg,, Weights we,,

state 1 state 1

‘‘‘‘‘ state 2 -

= = —state 3

weight
weight
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L L L L L ~0.01 L L L L
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3

Note: The graphs depicts the optimal weights (15) using s;;: in both plots as the lighter,
gray lines. In the left plot the darker lines are the optimal weights (15) using & in place
of si¢. In the right plot the darker lines are the weights (32), when &, = [0.8,0.1,0.1]’
for A3 over the range —3 to 3, Ao = —2.5, T = 100, m1 = 0.2, and w2 = 73 = 0.4. The
solid line gives the weights for the observations where ét =[0.8,0.1,0.1]’, the dashed line
those where £, = [0.1,0.8,0.1], and the dash-dotted line those for &, = [0.1,0.1,0.8]".

the uncertainty of the states in the derivation of the weights leads to weights
that are similar to when the states are known.

An additional difference arises for positive A3, where the weights con-
ditional on state probabilities for the future state increase over those con-
ditional on states. The reason is that for Ay and Az of opposite sign, the
variance of ¢/€ increases relative to the case of X’s of equal sign, which affects
d,gm) in (32). Hence, the increase of uncertainty about the states leads to an
increased reliance on the data that are likely from same state as the future
observation.

The MSFE for both the Markov switching and the optimal weights is
displayed in Figure 4. As might be expected based on the weights shown in
Figure 3, the optimal weights achieve an MSFE, displayed in Figure 4(b),
that closely corresponds to the MSFE from the conditional weights in Fig-
ure 2. This contrasts sharply with the MSFE for standard Markov switching
weights in Figure 4(a). When Ay and A3 are large and nearly equal, the
MSFE shows a sharp increase towards values that are almost twice that of
the MSFE of the optimal weights. Hence, for these value the relative MSFE,
displayed in Figure 4(c), shows substantial improvements.

3.3 Estimating state covariances from the data

Above, we derived weights conditional on the state probabilities, in which
case we can write the expectation of the product of two states as E[s45; t4m] =
&it&j,t+m- While this assumption allows us to find an explicit inverse of the

18



(b) MSFE under optimal weights

0.2,

Figure (c) displays the ratio of the
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Figure 4: (Relative) MSFE under Markov switching and optimal weights
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Note: Figure (a) displays the MSFE of the standard Markov switching weights and Fig-

ure (b) that of the optimal weights conditional on the probabilities for 7' = 100, 71
MSFE of the optimal weights relative to that of the standard MSFE forecast.

w2 = w3 = 0.4 for a range of values for A2 and As.



matrix M and to obtain analytic expressions for the weights, it does not
use the Markov switching nature of the DGP. If one is willing to forgo the
convenience of explicit expressions for the weights, it is possible to estimate
M directly from the data.

To estimate M directly from the data, we now condition on the infor-
mation set up to time 7', denoted Q7. Then E[sitS;jt+m|Q7r] = p(8jt4m =
11Q7)p(sit = 1]Sjt+m = 1,Qr). The first term is the smoothed probability
of being in state j at time t + m as given by an EM-algorithm Hamilton
(1994) or a MCMC sampler Kim and Nelson (1999). The second term can
be written as

gi m—1
p(sit = 1’5j,t+m = 17QT) = j%‘t H (PlAt_H) P’

t+mlt+m—1 =1

(33)

0.

where A; is a m x m diagonal matrix with typical i, i-element fz‘t|t/fit|t—1a
and &, and &;;—; denote the filtered and forecast probabilities of state 4
at time ¢. The derivation of (33) can be found in Appendix A.2.4. Using
these expressions we can calculate the expectations in (7). Define

k—1
= | (Tieaun)r

=1

2:m,2:m
Then we can write m — 1 x m — 1 matrix of expectations
S.8 Il =) - =
E[s8) 4] = S| (—'t+k|T - —'t+k|t+k71)

where By; is an m — 1 x m — 1 matrix with typical i, element é,ﬂt is, and
+ denotes element-by-element division. Recall M = E[Q] + E[S'AN'S]. A

typical element of the second matrix is given by
E[S'AN'S];; = Ndiag(E[8,])A ”
E[S'ANS]i 4k = NE[88,, . ]\

Using (34) in (7) yields numerical solutions for the weights.

4 Markov switching models with exogenous re-
gressors

So far, we have considered models that only contain a constant as the re-
gressor. Now, we return to the model with regressors in (1). Rewrite this
model as

m

y = Z Sz(Xﬁz + 0'1'6)
i=1
= XBi+).8X(B;,— 1) + ). Sioie
=1 i=1
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where S; is a T' x T matrix with as its j-th diagonal element equal to one
if observation j belongs to state ¢ and zero elsewhere, X a T x k matrix of
exogenous regressors and 3; a k x 1 vector of parameters, o; the variance of
regime 4, and we used the fact that »}* | S; = I. Also,

m m
yre1 =X By + Z $i,m+1X741(8; — B1) + Z 84, T+104i€T+1
i=2 i=1

As before, we define the optimally weighted estimator as follows
B(w) = (X'WX) ' X'Wy

The optimal forecast is then given by §r11 = x/p 1 8(w).
Define A; = (8; — 81)/0m, ¢ = 0i/om and Aj; = A}, The expected
MSFE is given by

m m
E[o,2¢71] = ). Elsir i1 ¥ Aijxrir + Y, Elsirileler (35)
-1 i-1

E[(X'WS;X)A;;(X'S;WX)|(X'WX) 'xr,q

s
NgE

@
Il
—_
<.
Il
—_

5y (X WX) !

2X'WE[S; WX (X'WX) tx7,

RgE
S,

Ty (XTWX) ™

.

D=
NgE

—2X/T+1(X/WX)_1 E[X’WSiXAiij7T+1]XT+1

-
Il
—
<.
Il
_

As in the case of structural breaks analyzed by Pesaran et al. (2013), large
sample approximations to (35) are necessary to obtain analytical expressions
for the weights. We make the following approximations: plimp_,,, X’'WX =
Qxx, plimy_, ., X'S;WX = Qyxw’s;, plimy_,, X'W2S,X = Qxxw'S;w.
Then, (35) reduces to

m m

Elo, 7] = D Blsir X Aiyxe + Y Blsirileier
i=1 i=1
m m

m
/ / / -1 2./
+ Z Z wE[s;8; WA x741 + X7, Qxy 2 g;W'E[S;|wxpiq
i=1j=1 i=1
mom
/ /
= 2Xp 4y Y ) WE[sisj 1] AiXria
i=1j=1

Maximizing (4) subject to ¢'w = 1 leads to the following first order condi-

21



tions for w,

0B [ eT+1 O / S / -1 2
— L =2 Y X Agxra Blsisilw + 2 ) xp o Qkxr1¢7E[Siw
i=1j i=1

-1
m m
2 Z X Aijxr1E[sisjri1] + 00 =0
i=1j=1

Define ¢; = X,T_H)\i/(XT+1Q;(%(XT+1)1/2, solving for the weights yields

w = ([E[8'¢9'S] + E[Q]])  E[S¢dsr] - o0
which is identical to (7) with the exception that A is replaced by ¢. Hence,

w=M"'E [S’¢¢/§T+1] = (1 /M 'E [S’¢¢/§T+1]) (36)

with M = E[Q] + E (S’ q‘)q[)’g) and Q a diagonal matrix with typical (¢,t)-
element Qy = >, ¢?si and

- 2
(1 _J/M-E [s'¢¢’§TH]) . B
JM-11 +E[87,10¢'5711]

_E [S b sT+1] M~ 'E [S b ST—H] +E[(d'sr+1)?]

E[Cf 26?F+1]opt =

All formulae derived for the location model above can be straightforwardly
extended to allow for exogenous regressors by replacing A with ¢.

5 Evidence from Monte Carlo experiments

5.1 Set up of the experiments

We analyze the forecast performance of the optimal weights in a series of
Monte Carlo experiments. Data are generated according to (1) and we
consider models with with m = 2 and m = 3 states. We set 03 = 0.25 and
use a range of values for A;. We will distinguish experiments based on the
size of the switches, \;.

The states are generated by a Markov chain with transition probabilities
Dij = TW , for i # j, and ergodic probabilities m; = m = 1/m equal for
all states, where m is the number of states. The dlagonal elements of the
transition probability matrix are p; = 1 — Z;nzl pij- This creates Markov
chains with relatively high persistence. The first state is sampled from
the ergodic probability vector, s; ~ binomial(1, 7). Subsequent states are
drawn as s; ~ binomial(1, p;) where p; = Ps;—1. In order to identify all
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parameters in the models, we require that at least 10% of the observations
occupies each regime.

The first set of the Monte Carlo experiments analyzes two state models
with only a constant, so that £k = 1 and x; = 1. To investigate the influence
of the sample size T' on the results we present results for 7' = 50 and T" =
100. We then add an exogenous regressor to a two state model, such that
x¢ = [1, 2] where z; ~ N(0,0.25). The variance of z; is chosen such that
the centered R? is roughly equal to a model with no exogenous regressors.
We then continue with a three state model, where we restrict the analysis
to the simple mean only model for computational efficiency.

The estimation is performed using the EM algorithm (Dempster et al.
1977) as outlined in Hamilton (1994). The algorithm stops when the increase
in log-likelihood falls below 10~®. In order to avoid situations where the EM
algorithm assigns all probability to one state vector, in which case at least
one of the parameters (3; is not identified, we impose %Z;‘Ll éZ‘T > 0.05 for
all 4. If the restriction is not satisfied we simulate a new state vector and
generate a new data set.

Given the parameter estimates Bi, P, 6; and the probability vectors §t|T,

ét‘t, ét‘t_l we construct the usual Markov switching forecast as

m
MS A fi
IT51 = X741 Z BiflTﬂ\T
i=1
The optimal weights are calculated as outlined in the sections above.
The following notation is used to distinguish the different weights:

e wj: weights based on known states, operationalized by substituting
the smoothed probability vector & for the states.

* w weights derived based on state probabilities, with the smoothed

probability vector ét‘T as the probabilities.

e wy: the weights derived by directly estimating the matrix M as de-
tailed in Section 3.3.

Using these weights the optimal forecast is constructed as
7l = Xy (X'WX) T X'Wy

where W is a diagonal matrix with typical diagonal element w.; where
w.; € {w§7t, We 4, Wy t}' The results are presented as the ratio of the MSFE

of the optimally weighted forecast to that of the standard Markov switching
forecast.

The results will be separated for different values of A\; to show the effect
of the break size. Furthermore, the performance of the weights we has
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been shown to depend on the variance of the smoothed probability vector.
Thus, we also separate the results based on the normalized variance of the
smoothed probability vector given by
1T f0) ~(i)
~9 T D=1 §t|T(1 - §t|T)
Te = 1T 20) 18T 1 &0 (37)
T Zt=1 £t|TT Zt:l( - €t|T>

where 7 is chosen to be the states which has the minimum normalized vari-
ance. Note that in the case of two states for ST §t(|l% =7 ZtT:l(l—ffr%) =

0.5, the measure 52 is analogous to the regime classification measure (RCM)

of Ang and Bekaert (2002). Results are from 10,000 replications.

5.2 Monte Carlo results
5.2.1 Monte Carlo results for two state models

The Monte Carlo results for the simple model with two states are reported
in Table 4. The top panel concentrates on models with a break in mean only.
Weights w; should improve the most when the break size is small. This is
supported by the simulation. We see that this improvement is largest when
the uncertainty around the states is small. The induced estimation uncer-
tainty outweighs the benefits of the optimal weights when A\ takes larger
values. This contrasts with the results for the weights wg and wy;. When
A =1, the estimation uncertainty in the parameters outweighs the potential
improvement in MSFE but as A increases the improvements are quite sub-
stantial, especially when the variance in the smoothed probability vector is
high. While the differences between the forecast performance of wg and wy
are small, in these settings the forecasts from we generally beat those from
Theoretically, the weights w; and wy; are expected to perform better
when the sample size is larger. These findings are supported by the results
for T' = 100 that are reported in Table 4. The results show that the im-
provements increase with large A and high 62 and that these improvements

are more pronounced in larger data sets. The weights w; lead to forecasts
that improve less on the standard weights for the larger data set, which con-
firms the theoretical results above that, asymptotically, these weights are
identical.

The lower panel of Table 4 reports the results for a model that also
contains a break in the variance. This break is such that the variance in
regime 1 is the same as before, but the variance in regime 2 is increased.
This should decrease the improvements, since the average break size stan-
dardized with the variance decreases. This decrease is indeed observed, but
substantial improvements remain in the same parameter regions where the
weights under constant variance perform well.
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Table 4: Monte Carlo results: two states, intercept only
models

A 52

é|T Ws ’LUé UJM Ws ’wg wM

1 0.0-0.1 0.983 1.004 1.005 0.993 1.005 1.005
0.1-0.2 0990 1.021 1.024 0.997 1.013 1.022
0.2-0.3 0996 1.027 1.033 0.999 1.019 1.032
0.3-0.4 0.998 1.028 1.035 1.000 1.024 1.037

2 0.0-0.1 0.995 1.008 1.015 0.999 1.005 1.023
0.1-0.2 1.001 1.005 1.018 1.002 0.994 1.034
0.2-0.3 1.003 0.987 0.999 1.003 0.977 1.004
0.3-0.4 1.004 0.982 0.991 1.004 0.961 0.973

3 0.0-0.1 1.000 0.998 1.013 1.000 0.997 1.022
0.1-0.2 1.0056 0.974 0.988 1.005 0.961 0.993
0.2-0.3 1.006 0.957 0.965 1.007 0.920 0.944
0.3-0.4 1.006 0.957 0.956 1.007 0.892 0.912

¢* =2

1 0.0-0.1 0.985 1.000 1.001 0.992 1.001 1.001
0.1-0.2 0.990 1.009 1.011 0.996 1.009 1.013
0.2-0.3 0996 1.022 1.027 0.999 1.014 1.021
0.3-0.4 0.998 1.017 1.021 1.001 1.018 1.026

2 0.0-0.1 0.993 1.006 1.008 0.998 1.005 1.019
0.1-0.2 0999 1.012 1.023 1.002 0.999 1.030
0.2-0.3 1.003 1.001 1.015 1.003 0.992 1.021
0.3-0.4 1.004 0.993 0.999 1.003 0.987 1.003

3 0.0-0.1 0.998 1.003 1.009 1.000 0.999 1.027
0.1-0.2 1.003 0.986 1.010 1.003 0.980 1.025
0.2-0.3 1.007 0.958 0.977 1.007 0.946 0.962
0.3-0.4 1.010 0.942 0.943 1.007 0.920 0.939

Note: The table reports the ratio of the MSFE of the optimal
weights to that of the Markov switching weights. y; = B181: +
Basar+(0181¢+0282¢)e¢ where ey ~ N(0, 1), 05 = 0.25, ¢* = 07 /03.

Column labels: A = (82 — f1) /02, 52 is the normalized variance
T
in of the smoothed probability vector (37). ws: forecasts from

weights based on estimated parameters and state probabilities.
wg: forecasts from weights conditional on state probabilities. wyy

are the weights based on numerically inverting M.
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Table 5: Monte Carlo results: two states, models with exoge-
NouSs regressors

T =50 T =100

A &E‘T Ws wé wM Ws wé ’(UM
1 0.0-0.1 0.962 0.988 0.986 0.986 1.002 1.002
0.1-0.2 0973 1.021 1.001 0.993 1.014 1.018
0.2-0.3 0991 1.025 1.021 0.999 1.023 1.028
0.3-0.4 0995 1.030 1.028 1.000 1.026 1.032

2 0.0-0.1 0.990 1.000 1.002 0.999 1.003 1.013
0.1-0.2 1.004 1.008 1.016 1.006 0.997 1.031
0.2-0.3 1.011 0.999 1.013 1.011 0.978 1.009
0.3-0.4 1.012 0.986 0.999 1.019 0.956 0.991

3 0.0-0.1 1.005 1.004 1.013 1.005 1.001 1.027
0.1-0.2 1.018 0.998 1.026 1.020 0979 1.033
0.2-0.3 1.031 0.983 1.010 1.043 0.935 1.008
0.3-0.4 1.020 0.969 0.991 1.051 0.919 0.958

Note: The table reports the ratio of the MSFE of the optimal
asymptotic weights to that of the Markov switching weights. DGP:
yr = z,51 + o (¥} As2; + ;) where g, ~ NID(0,1). Also o2 = 0.25,
B1 =1 and a; = [1,2:] where z; ~ N(0,0.25). For the column
labels see the footnote of Table 4.

In Table 5 we display the results for models that include an exogenous
regressor. The optimal forecast are obtained by using an asymptotic ap-
proximation to the covariance matrix as in (36). As the ratio of parameters
to estimate versus the number of observations increases, the performance of
the weights wj increases even if improvements are small. The improvements
for weights wy; are less marked.

From the results in Table 6 we see that the conclusions from the two state
models carry over to the three state models. Again, sizeable improvements
are made for we and Wy when 53 is large and both break sizes A1 and Asz;

are large. These improvements increase when the sample size increases from
T =50 to T = 100.

6 Application to US GNP

Modeling the US business cycle was the original application of the Markov
switching model by Hamilton (1989), and business cycle analysis has re-
mained one of the most important applications. Different variants of Markov
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Table 6: Monte Carlo results: three states, intercept only models

T =50 T =100

{/\31, )\21} 5’2T Ws wé Wyt W3 wé Wyt

{2,1} 0.0-0.1 0.996 1.029 1.026 0.998 1.025 1.027
0.1-0.2 0997 1.031 1.035 0.999 1.027 1.046
0.2-0.3 0999 1.028 1.035 1.000 1.012 1.027
0.3-0.4 1.001 1.013 1.017 1.001 1.007 1.018

{3,1} 0.0-0.1 0998 1.016 1.014 0.999 1.011 1.026
0.1-0.2 1.000 1.008 1.013 1.001 0.998 1.013
0.2-0.3 1.002 0.990 0.993 1.002 0.971 0.986
0.3-0.4 1.004 0.969 0.966 1.003 0.939 0.953

{4,2} 0.0-0.1 0.999 1.011 1.011 1.000 1.005 1.019
0.1-0.2 1.001 0.997 0.999 1.001 0.987 1.007
0.2-0.3 1.003 0.973 0.971 1.003 0.943 0.963
0.3-0.4 1.003 0.954 0.951 1.004 0.882 0.876

Note: The table reports the ratio of the MSFE of the optimal weights to
that of the Markov switching weights. For details see Table 4.

switching models have been used to analyze business cycles, and we will use
the classification scheme of Krolzig (1997). Applications of different models
to US GNP can be found in Clements and Krolzig (1998), Krolzig (1997) and
Krolzig (2000), which show that the Markov switching model is frequently
outperformed in terms of MSFE by a simple linear AR model. We use a
pseudo-out-of-sample forecast exercise to analyze whether optimal weights
improve the forecast accuracy of Markov switching models for US GNP, and
whether using optimal weights improves the forecasts of Markov switching
models over those from linear alternatives.

The model by Hamilton (1989) is an example of a Markov Switching
in mean model with non-switching autoregressive regressors. This class of
models is denoted as MSM(m)-AR(p) by Krolzig (1997), where Hamilton’s
model takes m = 2 and p = 4:

P
e = Bs, + Y Giye—i — Bs,_,) + 0cs
i=1
Here, y; depends on the current state but also on the previous p states. If the
model has a state dependent variance o, it is denoted by MSMH(m)-AR(p).
Clements and Krolzig (1998) find that a three state model which has
a switching intercept instead of a switching mean, and a state dependent
variance also performs well in terms of business cycle description and forecast
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performance. This class of models is denoted by MSIH(m)-AR(p) and the
model in Clements and Krolzig (1998) takes m = 3 and p = 4:

p
Yo = Bo + D, biY—i + 0s,E1
=1

Note that both these models fit in the framework of the intercept only
model by simply moving the autoregressive regressors to the left hand side
after we estimated the coefficients. On the right hand side remains the con-
stant and we can use the finite sample expressions derived for the intercept
only model. Estimation is performed using the EM algorithm, which uses
the implementation of Hamilton (1994) with the extensions to estimate the
MSM models suggested by Krolzig (1997). We have investigated the perfor-
mance of the optimal weights for these models in Monte Carlo experiments
and the results from the intercept only model in Section 5 carry over to
these models. The results are reported in Appendix B.

In this exercise, we focus on pseudo-out-of-sample forecasts generated
by a range of candidate Markov switching models: MSM(m)-AR(p) and
MSMH(m)-AR(p) models with m = 2 and p = 0,1,2,3,4 and m = 3 with
p = 1,2, and MSI (m)-AR(p) and MSIH(m)-AR(p) models with m = 2,3
and p = 0,1,2,3,4. We construct expanding window forecasts where at each
step all models are re-estimated to include all the available data at that
point in time. We select the Markov switching model that delivers the best
forecast, where the selection is based on the historic forecast performance
under standard weights as measured by the MSFE. Using this model, we
then compare the pseudo out-of-sample forecasts from the standard weights
to those from the optimal weights. We report the ratio of the MSFE of the
optimal weights relative to the standard weights together with the Diebold
and Mariano (1995) test statistic of equal predictive accuracy.

The data we use are (log changes in) the US GNP series between 1947Q1
and 2014Q1 obtained from the Federal Reserve Economic Data (FRED). The
data is seasonal adjusted. In total, the series consists of 269 observations.
Because we analyze log changes, we lose one observation. To keep the sample
size the same for models of all lag lengths, we start the estimation in 1948Q2
so that the models that use lagged dependent variables can all be initialized
based on available data.

The out-of-sample forecast period is 1983Q2-2014Q1, which amounts to
124 observations and ensures that throughout the forecasting exercise all
models are estimated on at least 100 observations. We start evaluating
forecasts for model selection purposes based on a training period 1973Q2-
1983Q1 (40 observations). The model that has the minimum MSFE over
this period (using standard weights) is selected as the forecasting model
for the observation 1983Q2, and forecasts using all weights are made with
this model. In this way no information is used that is not available to
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Table 7: GNP forecasts: forecasting performance

wWMS W3 wé ’LUM

1983Q2-2014Q1 0.367 1.001 0.970**  0.959***

Subperiods

1983Q2-1993Q1 0.225 1.002 0.875** (.898*
1993Q2-2003Q1 0.306 1.000 1.021 0.989
2003Q2-2014Q1 0.553 1.000 0.980*  0.965**

Note: The second column of the table reports the MSFE
based on the best Markov switching model with standard
weights. The remaining columns of the table reports the
relative MSFE of the optimal weights compared with the
Markov switching weights. Asterisks denote significance
at the 10%, 5%, and 1% level using the Diebold-Mariano
test statistic.

a researcher at that point in time. Then we add the next period to our
estimation and cross-validation sample, select the minimum MSFE model,
and construct the next forecast. Based on the model selection procedure
the MSM(3)-AR(1) model is selected for the entire forecast period.

As mentioned above, the beginning of the out-of-sample forecast period is
chosen such that a sufficient amount of observations is available to estimate
all Markov switching models. Still, we need to ensure that our results do
not critically depend on this choice. In a second step, we therefore check the
robustness of our results using the forecast evaluation measures proposed by
Rossi and Inoue (2012).

The forecasting performances of the standard and optimal weights are
reported in Table 7. The column with heading wyg reports the MSFE of
the best Markov switching model using standard weights. The next three
columns report the ratio of MSFE of the optimal weights forecast to the
standard weights forecast for the same model. The results in the first line,
which are over the full forecast period, show that optimal weights conditional
on states, wg, do not improve forecasts but that, in contrast, weights condi-
tional on state probabilities, Wy and wyy;, substantially improve the forecast
performance over standard weights and that these improvements are signif-
icant. The most precise forecasts result from using wy;. The three state

models have an average estimated break size 5\21 = 2.28 and 5\31 = 4.23.
The average minimum normalized variance of the smoothed probability vec-

tor &g = 0.20. The size of the improvements over the Markov switching

|T
forecast is close to the improvements found in the Monte Carlo simulation

for three state models as presented in Table 6.
It is interesting to also compare forecast performance in subperiods. In
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Table 8: GNP forecasts: comparison to linear models

ARdyn wWMS Ws w é wM

1983Q2-2014Q1 0.368  0.999 1.000 0.970 0.958

Subperiods

1983Q2-1993Q1 0.265  0.849** 0.851** 0.743** 0.763**
1993Q2-2003Q1 0.280  1.091 1.091 1.114 1.080
2003Q2-2014Q1 0.540  1.023 1.023 1.003 0.988

Note: The second column contains the MSFE of the best linear model.

The remaining columns contain the MSFE of the best Markov switching
model with different weights relative to that of the linear model. The
best Markov switching model is selected based on standard weights.
The linear model is the AR(1) model for the first 69 forecasts and
AR(2) for the final 55 forecasts.

the first subperiod, 1983Q2-1993Q1, forecasts based on the optimal weights
conditional on state probabilities, wg and wyy, improve significantly over
the standard weights with gains of more than 10% in forecast accuracy.
Forecasts based on the plug-in weights, w;, in contrast, cannot improve on
the standard MS forecasts. In the second subperiod, 1993Q2-2003Q1, which
largely covers the great moderation, only wy; offers a modest improvement.
In the last subperiod, 2003Q2-2014Q1, again all optimal weights conditional
on the state probabilities lead to more precise forecasts than the standard
weights and these improvements are again significant.

Further insight can be gained by comparing the accuracy of the Markov
switching forecasts with that from linear models, which here are the random
walk and AR(p) models with p = 1,2, 3,4. We select the best AR(p) model
based on the historic forecast performance in line with the model selection
for the Markov switching model. The AR(1) model is selected for the first
69 forecasts and the AR(2) model for the remaining forecasts. The resulting
MSFE and relative performance of the different weighting scheme for the
selected Markov switching model are reported in Table 8. Over the entire
forecast period, the performance of the linear models is very similar to the
Markov switching model with standard weights. The same is true for the
weights conditional on the states. This contrasts with the forecast based
on optimal weights conditional on state probabilities that beat the linear
models, even if the difference is not significant at conventional levels.

The forecasts over the subperiods reveal that in the first subperiod, all
Markov switching forecasts significantly improve on the linear forecasts.
The largest gains are made using the optimal weights conditional on the
state probabilities. In the middle subperiod no Markov switching forecast is
more precise than the linear model. In the final subperiod optimal weights,
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Table 9: Rossi and Inoue test of forecast
accuracy

WMS Ws wg Wy

Test against MS weights

Ar 0.585 -0.356 -0.910
Rr -0.646 -1.803 -2.342%**

Test against AR(1)

Ar  -0.223 -0.222 -0.208 -0.546
Rr -0954 -0.951 -1.071 -1.575

Test against AR(2)

Ar 0372 0375 0.261 -0.027
Rr -0.469 -0.477 -0.621 -0.928

Note: The beginning of the out-of-sample
forecast evaluation period is varied between
(0T, (1 — w)T] with g = 0.35 and T = 264.
Ar denotes the average and R the supremum
of the Diebold-Mariano test statistics over the
range of forecast periods. Asterisks denote sig-
nificance at the 10%, 5%, and 1% level.

wyy vield forecasts with a lower MSFE than the linear model. Comparing
these results to those in Table 7, suggests that the optimal weights improve
forecasts over the standard weights the most when the data exhibit strong
switching behavior. This ties in with the results from our theory in two
ways. First, we showed above that the weights conditional on the states are
tending towards equal weighting, that is in the direction of the linear mod-
els, whereas the optimal weights derived conditional on state probabilities
emphasize the Markov switching nature of the data. Second, we demon-
strated that, in a three state model, the optimal weights are around 1/T
when the future regime is the middle regime. This appears to be a distin-
guish feature of the subperiods: in the first subperiod the middle regime has
an average probability of 0.65 whereas in the second and third subperiods
it given a probability of 0.83 and 0.84. Hence, the linear model is more
difficult to beat in the last two subperiods as for many forecasts it is close
to the optimal forecasting model.

In order to check the robustness of our results to the choice of forecast
sample, we additionally use the forecast forecast accuracy tests suggested
by Rossi and Inoue (2012). The tests require the calculation of Diebold-
Mariano test statistics over a range of possible out-of-sample forecast win-
dows. From these different windows, two tests can be constructed: first, the

31



Ar test, which is the average of the Diebold-Mariano test statistics, and,
second, the R test, which is the supremum of the Diebold-Mariano test
statistics. The application of these tests comes with two caveats in our ap-
plication. First, the relative short first estimation window implied by these
tests could be an issue as various switches of the Markov chain are required
for the estimation of Markov switching models. For the test by Rossi and
Inoue (2012), the beginning of the out-of-sample forecast evaluation period
is varied over the interval [T, (1 — p)T'] and we set p to the maximum of
0.35. In contrast, in the baseline application above, the shortest estimation
sample is 0.53 7. Early forecasts for the Rossi and Inoue test may suffer as
a result of a short estimation window. Second, as a further consequence of
the shortened estimation sample, we cannot use cross-validation as model
selection procedure and therefore consider only the MSM(3)-AR(1) model,
which has been selected in our baseline forecast procedure throughout, and
for the linear model we use the AR(1) and AR(2) models, which are the
model selected in the baseline forecasting exercise.

Table 9 reports the test statistics and associated significance levels. The
top panel reports the test statistics of the optimal weights forecasts against
the standard weights forecasts. It can be seen that the signs of the test
statistics are as we would have expected them and that the wy; weights
provide significant improvements on the standard weights according to the
R test. The lower two panels of Table 9 report the test statistics when the
MSM(3)-AR(1) model is tested against a simple AR(1) and AR(2) model.
For the AR(1) model the signs are as expected, although the test statistics
do not exceed the critical values reported in Rossi and Inoue (2012). For
the AR(2) model the A7 test statistic for wy, weights remains negative. For
these weights the largest negative R test statistic is observed, which it is
not significant at conventional levels. This reflects the fact that the linear
model is a close approximation to the optimal weights Markov switching
model as the forecast sample is dominated by observations that are most
likely from the middle regime.

7 Conclusion

In this paper, we have derived optimal forecasts for Markov switching mod-
els and analyzed the effect of uncertainty around states on forecasts based
on optimal weights. Applying the methodology to Markov switching models
helps tightening the well documented gap between in-sample and out-of-
sample performance of these models. The importance of uncertainty around
the timing of the switches between states is shown by comparing optimal
forecasts when the states of the Markov chain are assumed to be known
with optimal forecasts when they are not known. The optimal weights for
known states share the properties of the weights derived in Pesaran et al.
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(2013). They are asymptotically identical to the Markov switching weights
and improvements in forecasting performance are found when the ratio of
the number of observations to the number of estimated parameters is small.
In contrast, the optimal weights for unknown states are asymptotically dif-
ferent from the Markov switching weights and potential improvements in
forecasting accuracy can be considerable for large break sizes even in large
samples.

The results from theory and the application show that optimal fore-
casts can differ substantially from standard MS forecasts. Optimal weights
emphasize the Markov switching nature of the DGP more than standard
weights do. However, in the three state case, the optimal weights for fore-
casts in the middle regime lead to weights that effectively ignore the Markov
switching nature of the data. This is the case for the forecasts from the great
moderation and explains the difficulty of Markov switching forecasts to beat
linear models.

A Mathematical details

A.1 Derivations conditional on states
A.1.1 Weights for two-state Markov switching model
In order to derive weights (9)—(12), define A\ = ’320;2’81 and g = g—;, m =
% 2;{:1 s1¢, and mo = % 2;{:1 s9¢. Then we have
M= Q+S'AN'S
= q281 + Sy + )\2525’2

where S; is a T'x T" diagonal matrix with typical ¢, t-element s; ;. The inverse
of M is

)\2(q281 + Sg)_lsQS’Q(qzsl + Sg)_l
1+ )\25/2((]281 + Sg)flsg

1 22 LSl + S5 SQS/ iSl + S,
g s, NS SISy
q 1+ A2S2(q781 + SQ)SQ
1 N2sos))

— -G, 4S8, 522
@2t M 1+ A\2T'my

The weights are given by

M1
w = ANMls,s + (1= M sys
282 T+1 L/M_lb( 2 2,T+1)
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The various components needed to calculate the weights are given by

AT
M_152 = 89 — TZTQTFQS2
1
Tl AT
1 AT 7o

M= s 48— s
q21 2T+ AT

Sl(l + )\2T7T2) + q252
q2(1 + )\2T7T2)

and

T 1+ N2Tmm 27
2 JM-, = 7™ 172 + q° T2

/M—l —
¢ 2Ty ATy’ *(1 + X2T'my)

This yields the weights

W — /\2 1 s + l Sl(l + )\2T7T2> + q2S2 B 2T7T282,T+1
L+ 22Ty 2 2T T T £ 1 (1 + Tra)2) 1+ 2T,
1 1 Sl(l + )\2T7T2) + q252 9
_ - 1+ A2Tmy(1 —
1+ AT, (SQSQ’T“ T @ T m(l + Trar?) (14 AT (1 = s2741))

Suppose s3 741 = S2¢ = 1, then

1 5 1 q?
W22 = 1+ )\2T7T2 <>\ * T?qu2 + 7T1(1 + T7T2)\2)>
1 1 1
14+ X2Tmy T maq? + w1 (1 + TmaX?) (
1 ¢+ NTmy
- T moq? + m1(1 + TmaA?)

@*(1+ NTmo) + Ty (1 + A*T'my))

when so 741 =1, sy = 0, then

1 1 14+ ATy
1+ /\2T7T2 (Tﬂ'ng + 7'('1(1 + T7TQ)\2)>
1 1

Tﬂ'qu +7T1<1+T7T2)\2)

w21 =

when 827T+1 = 0, St = 1, then

B 1 1 ¢*(1+XTm)

1 + /\2T7T2 <T7r2q2 + 7T1<1 + T7T2)\2)>
1 ¢

B T maq? + m1(1 + T'maA?)

w12
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finally, when sy 741 = 0,52 = 0, then

B 1 1 (14 N2T'mp)?

B 1+)\2T7T2 T7T2q2+7T1(1+T7T2)\2)
1 1+ \T'my

N T7T2q2 + 7'('1(1 + T7T2)\2)

w11

In order to show the symmetry of the weights, consider the definition of
A and ¢ conditional on the regime s; 711. If s 741 = 1, define A = 520;2& and
g =2, but if s 71 = 1, define A, = 2222 and g, = 2. Then, A? = A2/q?

and we have for wio and wq;

1 7
B Tﬂ'2q2+7rl(1+T7T2)\2)
_1 1/q;
B Tﬂ’g/qz + 71’1(1 + 1/q§T7r2)\§)
1 1
N Tﬁlqﬁ -l-T['z(l-i—Tﬂ'l)\i)

w12

1 1+ Ny
B TTFQQQ + 7T1(1 + T7T2)\2)
1 1+ 1/¢2)2Tny
T Tma/q2 +m(1 + 1/g2Tm)2)
1 Q2 + N2T'my
T T2 + mo(l+ TmA2)

w11

The symmetry of the weights is a natural consequence of the fact that the
Markov Switching model is invariant under a relabeling of the states.

A.1.2 Weights and MSFE for m-state Markov switching model

To derive weights for an m-state Markov switching model, we will concen-
trate on s 741 = 1 as we have shown above that the weights are symmetric.

In this case, define \; = (5; — Br)/ox and ¢; = 0;/0). The model is given by

m m
ye =Y, Bisi+ Y Oisites
-1 im1
m m
= B+ Y (Bi — Br)si + Y, oisies
-1

=1

[ -
=0, | — + Z Aisit + Z qiSitEt
9e O i=1
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For the observation at 7'+ 1 we have

1 k
—Yr+1 = — +ET41
Ok Ok

The forecast error is

1
— — =¢ ANW'S; 'S;e
o (yT+1 T+1 — Z w' % Z W

Squaring and taking expectations gives

E[ak_g(yTH— —1+22)\)\wszsw+2qlw8w
i=1j5=1
Implementing the constraint ZtT=1 wy = 1 by a Lagrange multiplier and

taking the derivative gives

—1
W = (EZAAWSlS +ZquS> (—0¢) (38)

i=1j5=1
— oM~

The inverse can be expressed analytically through the Sherman Morrison
formula as

(31 ) (S B ddsss)) (B2 oss)
1+ (Z;n:l Ajsg) (Z?; %Sz) (i1 Assi)
2lim1 21 %ﬁﬁsz's;-

o 1 e
- Zﬁsi_ m A2
i L+ T30 i

Multiplying with ¢ as in equation (38) gives

1 TZZ 123 1 2 27TJSZ

1 + TZiZl 7271_1
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which gives

L+T370, 27Tz [ m momo (g A\ -
0= Z ZZ ﬁ%ﬂ'iﬂ'j—f;%ﬂ'jﬂ'i
T | i=1 i=1 i1 G
m A2 _
1+sz,1 —5 T

-1
- 2 m 1 m m 11
T . Z 2" ZZ“wMM—Ai)]

K

The weights are then given by

1 i 251+Tzz 123 1 2 279 Aj(Aj = Ai)si
TZi:l Eﬂ'z + TZi:l Zj=1 E??WZW]AJ ()\] — >\’L)

W =

So that if s;; = 1 the weight at time ¢ is
1 2 +TZ] 1 2 27'['])\ (A )\l)
TZz 1 27TZ+TZZ 12; 142 27Tz7TJ/\ (A7 = Ai)

Wt =

The MSFE is easy to derive by noting that we can substitute the first order
condition for the weights

E[ 2y — w'y)? —1+ZZ)\)\W51$W+Z%WSW

i=1j5=1
—1-0
=14 wgk

where wyy, is the weight when s 741 = sp = 1.

A.2 Derivations conditional on state probabilities
A.2.1 Large T approximation for optimal weights
Rewrite (22) as

1 de[ + A2 S du(ari1 — Ear) (€t — Eap)]

T 2
* ( Zt’ 1 dt’) + A2 [T Zt’ 1 dt'€2t’T Zt’ 1 dy — (% Ztszl dt’§2t’> ]
(39)

wt =

where

dy = [Neu(1 - &) + ¢ + (1 - ¢D)éa]

To perform the large sample approximation we need to establish that % ZtT:I dy <
0, % Zle Eordy < o0 and % Zthl €2,d; < 0. Proving the first of these re-
lations implies the other two, since 0 < & < 1. Define a; = d%' We then
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need to prove that a; > 0. The only scenario where a; = 0 is when &y = 0
and ¢? = 0, so the only restriction that we must impose to obtain a; > 0 is
that ¢ > 0. Then

T T
1 1 1 1
Z Z — < =T = < 0
=1 =1 ag T Amin Gmin
where apni, is the minimum value of a; over t = 1,2,...,T.

Denote d = L3 dy, d€ = L3 di&oy, and d€2 = LY di€3,
then (39) can be written as

N2 (Earbori1d — EadE — Eopy1dE + dE?)

wy = —di _ i E— — —_ _
| +d+ X2 [d§2d - d§2] Ld+ A2 [d§2d — dfz]
_ 1408 1 1 N (Enborind — EqdE — Eapi1dE + dE2) 1
T T Talied_ a1t & 22— 2 1+ 2
A2 [d§2d _ ¢ ] + & A2 [dg?d _dE ] + &
2 R TE L A2
_ lth (atbo,r1d Efth{ﬁ EzéTde + d§?) Lo(T?)
T A2 [df%l _dE ]
where § = ——9__ — - 1 . where d; = dy/ Y, dy.

A2 [d§2d—d§2] YT di(Ea— % YT dyay)?
The numerator is nonzero unless for the trivial case when &£, is constant for
all t. Using this and the result that d, d¢ and d?z are finite for any T proves
that we can apply the expansion in terms of 6/T. Dividing w; by Zthl dy
yields (24).

A.2.2 Weights and MSFE for standard Markov switching model
The Markov switching weights can be written as

Sir+181 Sor18o

pIARRT ZtT 182t
1 &1r41€9 L1 1(1—=&re)(t—&)

WMS =

711 521 T (1-&)
_ Tm(& r11€2(1 — & + &2) + &t — Eabo i1t — E265)
- ;M@,m ) — &) + Ea(1— )
_ % N ;(§Q,T+1§_2_(f2_)(§22)_ §at) (40)

For a general vector of weights w, subject to Zthl wy = 1, and assuming
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a constant error variance, we have the following MSFE

Elo7%e5 1] = 1+ XN + WMw — 2X°wW/€ 141

41
= 1+ N1 + A (WE)? + wDw — 20°wW' €€ 111 1)

where D = (1 + )\QUg)I.
Using (40) we have that

WMS€=§2+€2TH ( th TE%)

(1-&)& =
B fori1 — & iy 2
=&+ -6 (527( §2) — o¢)
B Sr+1— & o
=& 141 —

H1-&) ¢

where we have used (25), and

wiysDwys = (1 + No 2) < + —(62 71~ &)

F G- 6) - a§>)

So that the MSFE is

Sori1(Ear1 — &2)0f N (Eor11 — &2)%0¢
£a(1 - &) &(1—&)?
N2
2 [2§§,T+1 B 52,T+1§f(2iTj1§2)€2)o'§]

1 (f2r1 — &2)? - 3

0 )
_£\2 4

=1+ N&r1(1—&ryr) + N\ <£2;J(rll — 522)) :

1 (Sor41 — &) - -
T [1+§2(1§ 2 (&201 52)—02)]
=14 N& (1 —&ri) + (1 + X207

o7
_ £)2 ) )
w [A%g +(1+ ,\205)%(52(1 — &) — Ug)}

E[o %67 1]ms = 1 + N2 + A2 [§§,T+1 -2

+(1+ )\203)

+(1+ )\2U§)
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A.2.3 MSFE for Markov switching model using optimal weights

Equation (23) for an arbitrary number of states is derived as follows
Blo 2] = (/M) (1 — /M 1Ep 1)+
m ~ - m
+ Z No&jr1 — &4 EMTHE+ Z THIES!
j=2 j=1
1+ €D ¢ . &, (/D71E)? .
vD-1u(1 + £ D1€) — (D 1£)? (1+&D-1¢)
~ ~/ ~
€T+1L'D ' £7,.,6 D€ 1
= G - =7 =Ty
1+£D 1¢ 1+€&D1¢ T+1
1+ thl ft — 26141 Zthl iy + E%H Zthl dy + 1
Zf:l dy(1+ 25:1 dpéfi) — (Zthl di&t)? dr+1
_ Wyl 1
dry1  dryr

d (1 + 'U)T.i,_l)
T+1

A.2.4 Derivation of (33)

To save on notation, in the following we use p(sj¢|Si t4+m, Q7) to write p(s;; =
1|sit+m = 1,9Q7). To derive (33), take for example a three state model and
calculate

2
p(sjt|sii+3, Q) = Z P(Sjt|Skt+15 8i,t+3, Q1) (Sk 14150043, 1)
k=0
2 2
= > p(sjelsner1, ) > p(skaralsiera, Qur1)p(sieialsicrs, Qra)
k=0 =0

2 2
Z PP (s5¢|Q2) Z PriP(Skt+1]Q+1) PLp(sit+2]42)

P(skp+1S) & plsiae2Qe1)  plsiers[Qis2)

2 2
_ p(siel$) k !
= O Z ijkat+1pklat+2pli
p(Szt+3| t+2) h=01=0

S5t Q)
P (prgp Av2P')

P(Sit+3|Q42)

=1|Q2 . .
where af |, = w. On the second line we use that the regime s;
i+1 P(sk,e+1=1]Q)

depends on future observations only through s;y1.
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Table 10: Monte Carlo results: MSI and MSM models

T =50 T =100

MSI

1 0.0-0.1 0.988 1.008 1.002 0.994 1.006 1.006
0.1-0.2 0.994 1.019 1.016 0.997 1.016 1.020
0.2-0.3 0.997 1.018 1.018 0.999 1.017 1.026

2 0.0-0.1 0.997 1.005 1.006 0.999 1.003 1.020
0.1-0.2 1.000 1.005 1.017 1.002 0.994 1.030
0.2-0.3 1.003 0.993 1.007 1.003 0.985 1.018

3 0.0-0.1 1.000 0.999 1.004 1.000 0.999 1.012
0.1-0.2 1.004 0.983 1.026 1.004 0.972 1.020
0.2-0.3 1.005 0.970 0.986 1.005 0.944 0.981

MSM

1 0.0-0.1 0.991 1.010 1.008 0.994 1.019 1.020
0.1-0.2 0994 1.023 1.017 0.996 1.033 1.042
0.2-0.3 0995 1.029 1.037 0.998 1.033 1.043

2 0.0-0.1 0.996 1.011 1.009 0.999 1.012 1.028
0.1-0.2 0.998 1.015 1.019 1.000 1.010 1.034
0.2-0.3 0.999 1.015 1.022 1.001 1.007 1.024

3 0.0-0.1 0.999 1.004 1.004 1.000 1.002 1.015
0.1-0.2 1.000 1.002 1.013 1.002 0.991 1.012
0.2-0.3 1.000 1.006 1.007 1.003 0.974 0.983

Note: The table reports the ratio of the MSFE of the optimal weights
to that of the Markov switching weights. DGP MSIL: y; = (1s1: +
Basar + P1yi—1 + Poyr—o + o€ where e, ~ N(0,1). DGP MSM: y; =

Bisie + Basar + 01(Yi—1 — Bsiy) + P2(ye—2 — Bs,_,) + o, 0% = 0.25,
¢1 = 0.4, o = —0.3. Column labels as in Table 4.

B Monte Carlo results for MSI and MSM models

Table 10 presents Monte Carlo results for the models that are frequently used
in empirical applications. These models are the m-state Markov switching
in intercept (MSI) and Markov switching in mean (MSM) models which
include p lags of the dependent variable. We analyze the performance of the
optimal weights for an MSI(2)-AR(2) and MSM(2)-AR(2) model. For both
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models, Table 10 shows that the improvements by using optimal weights are
consistent with the results for the Markov switching model with no lagged
dependent variables. However, the additional parameter estimates imply
noise that leads to slightly less pronounced differences in MSFE compared
to the intercept only model.
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