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Abstract

We explore to what extent real returns on investment portfolios can be
hedged against inflation risk by using existing financial market instruments.
We empirically find that inflation-linked bonds offer only limited protection
against inflation risk, while nominal debt and stocks play at least compa-
rable roles in this respect. These findings apply to both a static and a
dynamic setting. To explain the empirical results, we develop a theoreti-
cal framework that incorporates real basis risk. The demonstrated limits
of hedging inflation risk are of particular relevance for long-term investors,
such as pension funds with participants concerned about the real value of
their pension benefits.
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1 Introduction

In the aftermath of the Covid-19 crisis, inflation has once again become a major
economic concern. With higher average inflation, the uncertainty about future
inflation also increases, which in turn raises macroeconomic risks and makes re-
turns on investments more risky. Long-term investors generally aim to protect
the real value of their assets. This is especially important for pension funds that
try to provide a stream of benefits with stable purchasing power because most
pensioners have only limited ability to absorb risk. (Chen et al.| (2020) have shown
that the lack of adequate inflation hedging instruments can lead to welfare losses
for retirees ranging from 1% to 8% in terms of certainty equivalent consumption,
thus underscoring the importance of limiting inflation risk. However, effectively
hedging inflation risk over a long horizon is hampered by market frictions, rollover
risks and other complicating factors. Therefore, a key question is to what extent
it is possible in practice to construct investment portfolios that generate stable
real returns, and what would be the cost associated with such a strategy.

This paper explores to what extent real returns on investment portfolios com-
posed of (indices of) nominal public debt, index-linked public debt and stocks
can be hedged against inflation. The purpose of our analysis is expressly not to
investigate optimal allocations of a consumption-based capital asset pricing model
(CAPM) for real portfolio returns. Instead, we explore more narrowly to what
extent it is possible in practice to hedge inflation risk with instruments that are
widely traded on exchanges and therefore are easily available at low trading cost.
To our knowledge, there is little to no empirical work that addresses this question.
We address the issue by constructing minimum-variance portfolios that include
and exclude index-linked bonds (ILBs).

In practice, minimum-variance portfolios feature only small fractions of index-
linked bonds (ILBs), possibly because of their limited availability. Many countries,
such as, for example, the Netherlands, do not even issue ILBs linked to their own
price indeXE] Although Dutch pension funds can resort to foreign ILBs according
to the pension supervisor, the Dutch central bank, these constituted only 1% of
their total asset holdings in 2024 ] Other assets, such as equities and commodities,
have historically demonstrated some usefulness in hedging against inflation risk,
but those hedges are far from perfect. In addition, financial innovation, derivatives
and alternative investment strategies have emerged that do help protect portfo-
lio returns against inflation risk. However, these possibilities come with costs,
frictions and roll-over risks that reduce the scope of hedging inflation risks.

We demonstrate for four countries (the Netherlands, Germany, the United

!'Common arguments against issuing ILBs are high issuance costs because of limited market
liquidity, which may well be a circular argument, and the fear that their issuance would signal
a reduced commitment to combating inflation. There is little evidence for the latter argument.

2See https://www.dnb.nl/statisticken /data-zoeken/ belegd vermogen voor risico pensioen-
fondsen.
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Kingdom and the United States) that it is not possible to construct a portfolio
with ILBs that is even remotely able to hedge away inflation risk. We demonstrate
the limited effectiveness in hedging inflation risk for both the short- and the long-
term. Our findings underscore the critical importance of deeper investigation
of inflation hedging possibilities. This is in particular important for long-term
investors, such as pension funds, who aim at protecting the purchasing power
of their participants’ benefits over their lifetime. Our findings should provide
investment managers with leads to improve risk versus expected return trade-offs
in real terms. From a policy perspective, our findings suggest the need for an
enhanced supply of hedging instruments.

We also explore optimal (in real returns) long-horizon investment portfolios
when risk-aversion is limited. The role of ILBs and stocks is substantially higher
in these portfolios than in the minimum-variance portfolios. Finally, we set up
a simple theoretical framework to clarify both the composition of the minimum-
variance one-period portfolios and the long-horizon portfolios based on limited risk
aversion. The framework has a reasonable capability in replicating both classes of
portfolios, although it finds it difficult the replicate both on the basis of the same
parameter combinations.

Our analysis relates to the literature that analyzes the methodologies and ef-
fectiveness of inflation risk hedging. |Jeanblanc et al.| (2012]) present advanced tech-
niques for mean-variance hedging, but do not provide empirical results. [Kupfer
(2019) presents methodologies for estimating inflation risk premia. Assessments of
the effectiveness of hedging inflation risks vary in the literature, of which Arnold
and Auer| (2015) and Jarrow and Yildirim| (2023)) provide an overview. Specifically,
they explore the relationship between inflation and asset classes like stocks, gold,
fixed income and real estate. Our findings are consistent with those of |[Campbell
et al.| (2009), who also highlight a strong relationship between nominal bond re-
turns and inflation, which contrast with those of Spierdijk and Umar| (2015), who
indicate that nominal bonds have only limited effectiveness in inflation hedging.
He et al. (2024) find that 5-year nominal and inflation-protected US public debt
securities generate similar returns, while 10-year nominal debt outperforms 10-
year inflation-protected debt. Bekaert and Wang (2010) show that the inflation
risk is difficult to hedge and that the inflation risk premium is large and volatile.
Fleckenstein et al.| (2014) indicate that inflation-linked bonds are mispriced in the
market and that arbitrage opportunities persist. Mispricing limits capital flows
into the ILBs, which causes mispricing to persist. This can be an additional source
of hedging mismatch. Finally, Neville et al| (2021) explore different passive and
active investment strategies for inflationary times. Inspired by |[Briere and Signori
(2012), who show that economic regimes matter for the role of inflation-linked
bonds, we also specifically explore inflation risk hedging during the period after
the COVID-19 outbreak. Indeed, during this high-inflation period the fraction of
ILBs in the optimal minimum-variance portfolio increases.

The remainder of this paper is structured as follows. Section 2 describes the



methodology and data for our analysis. Section 3 analyses the mean-variance
frontiers of portfolio returns, while Section 4 presents the results of an optimal
investment strategy for a variable annuity. Section 5 rationalizes our empirical
findings using a theoretical framework with time-varying real basis risk. Section
6 concludes, emphasizing some general lessons from our analysis. The Appendix
provides technical details on the analytical solutions and some additional tables
and figures with results.

2 Data and methodology

We explore to what extent real returns on investment portfolios can be hedged
against inflation. In practice, the mismatch between the inflation rate that needs
to be hedged and the protection provided by the instruments (that is, the "real
basis risk") may be driven by several factors. First, not all durations of the relevant
instruments may be available. Second, the measure of inflation to be hedged may
differ from what is available in terms of inflation measures underlying the hedging
instrument; for example, Dutch inflation can only be hedged using bonds linked
to foreign inflation. This is the case when the domestic government does not issue
ILBs. Third, there are rebalancing and transaction costs. Fourth, instruments
used for hedging may have credit risks, like all financial instruments.

2.1 Imnstruments for inflation hedging

We confine ourselves to nominal bonds, ILBs and stocks as the market instruments
to be used for inflation hedging. We could also consider inflation swaps, but this
would not add much since their underlying assets are bonds, which we already
include. We use the three criteria for the selection of specific instruments suggested
by the Solvency II review of EIOPAP} market depth, measured by the average daily
notional amount traded; market liquidity, measured by the average daily number
of trades; and transparency.

2.2 Data

We use ILB price indices from S&P Global, because they are designed to track
the performance of local-currency-denominated ILBs. These indices include broad
and comprehensive developed market indices and indices specific to individual
countries ] Each index is based on several instruments Pl

3See https://www.eiopa.europa.eu/system /files /2020-12 /eiopa-bos-20- 750-background-ana
lysis.pdfl

*See https://www.spglobal.com /spdji/en/index-family/fixed-income /inflation-linked / #ove
rviewl

°For example, the S&P Germany Sovereign Bond Index is composed of four instruments with
an average maturity of 8.3 years (see https://www.spglobal.com/spdji/en/idsenhancedfactshe
et /file.pdf?calcFrequency=M&force download=true&hostldentifier=48190c8c-42c4-46af-8
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https://www.spglobal.com/spdji/en/idsenhancedfactsheet/file.pdf?calcFrequency=M&force_download=true&hostIdentifier=48190c8c-42c4-46af-8d1a-0cd5db894797&indexId=91922574

Table 1: Number of observations and the number of financial instruments

#instruments F#observations +/#instrkx./#obs

23 1587 191.05
22 2294 224.65
21 2489 228.62
20 2508 223.96
19 4507 292.63
18 4768 292.96
17 5082 293.93
16 0227 289.19

Note: Trade-off between the number of observations and the number of financial
mstruments

Table 2: Average and standard deviation of CPI inflation rates in four countries:
Germany, the UK, the Netherlands and the US.

inflation rates (in bps) GE UK NL US

monthly average 17.97 29.13 19.02 20.97
monthly standard deviation 36.96 40.80 45.72 29.58
quarterly average 04.12 89.62 57.42 63.80

quarterly standard deviation 82.02 94.93 80.57 75.50

The complete set of ILB-indices from S&P Global consists of a set of 10 nominal
bond indices and 13 ILB indices. All indices are total return indices that reinvest
coupon and dividend payments. These 23 indices have 1587 days in common. But
Table[Ilshows that there is a trade-off between the number of available instruments
and the number of trading days in common. To strike a balance between the
number of common trading days and the number of instruments, we select the set
of indices for which the product of the numbers of instruments and observations
is maximized. Table [1l shows that this is obtained with 17 bond indices: these
all have have 5082 trading days in common, from 20 September 2004 to 18 April
2024. Table [3)lists these indices.’, Using changes in the price levels of the indices,
we construct nominal returns.

Figure [I] depicts the monthly Dutch, German, UK and US consumer price

d1a-0cd5db894797&indexId=91922574), while the S&P U.K. Gilt Bond Index is based on 32
instruments with an average maturity of 16.7 years (see https://www.spglobal.com /spdji/en/id
senhancedfactsheet /file.pdf?calcFrequency=M&force download=true&hostIdentifier=48190c
8c-42c4-46af-8d1a-0cdbdb894797&indexId=91922572).

5The excluded bond indices are the S&P Global Developed Sovereign Inflation Linked Bond
USD Index, S&P U.S. TIPS Index, S&P South Africa Sovereign Inflation-Linked Bond Index,
S&P CLX Chile Sovereign Inflation-Linked Bond Index, S&P /B3 Brazil Sovereign Inflation
Linked Bond Index and S&P Cyprus Sovereign Bond Index.
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Figure 1: CPI of Germany, the UK, the Netherlands and the US.Note: "GE" is
Germany and "NL" is the Netherlands.

indices (CPI). Except for the Netherlands, all of these countries issue ILBs. Table
[2 reports the average and standard deviation of the corresponding inflation rates
of the CPI per month and quarter. On an annual basis, the average inflation varies
from 2.2% (= 12 * 17.97 bps in Germany) to 3.6% (= 4 * 89.62 bps in the U.K).

Table [3| reports the correlations (in %) between nominal bond index returns
and the CPI inflation rates. All nominal bond index returns are negatively cor-
related with Dutch, German and UK inflation, but except for the US Aggregate
Bond Index they are all positively correlated with US inflation. The prevalence of
these negative correlations may well have a macroeconomic explanation. Higher
inflation is associated with monetary tightening, which causes a fall in the price
of the outstanding nominal debt. At the quarterly frequency, almost all correla-
tions between nominal bond price indices and inflation are also negative, with two
exceptions (see Table [3)).

The monthly nominal returns on the ILBs are all negatively correlated with
UK and German inflation and are all positively correlated with US inflation. The
pattern for Dutch inflation is more mixed with five negative and three positive
correlations. For the quarterly returns, the pattern is mixed for all countries,
except for the US where the correlations all remain positive. As expected, the
correlations with inflation of the nominal returns on ILBs are generally higher
than those of the nominal returns on nominal bonds with inflation.

The correlations between monthly stock index returns and Dutch and US in-



Table 3: Correlations (in %) between nominal returns and CPI inflation rates

monthly correlations quarterly correlations
Index name ticker GE UK NL US | GE UK NL US
S&P Eurozone Sov. Bond Index SPBDEGIT | -31.1 -19.4 -174 136 | -48.3 -31.2 -36.3 1.7
S&P France Sov. Bond Index SPBDEFRT | -30.1 -19.6 -17.8 11.2 -44.0 -31.4 -36.0 -2.2
S&P Austria Sov. Bond Index SPBDEATT | -314 -20.1 -186 10.1 | -43.7 -31.0 -34.7 -35
S&P Belgium Sov. Bond Index SPBDEBET | -30.7 -20.9 -17.1 10.3 -43.2  -33.4 -34.2 -2.7
S&P Finland Sov. Bond Index SPBDEFIT | -29.6 -189 -186 13.1 | -445 -309 -34.1 0.7
S&P Germany Sov. Bond Index SPBDEDET | -274 -18.1 -17.0 126 | -43.8 -29.2 -33.2 -0.5
S&P Netherlands Sov. Bond Index SPBDENLT | -28.8 -18.9 -18.3 11.2 -44.4  -31.5 -35.8 -1.5
S&P U.K. Gilt Bond Index SPFIGBT -11.5 -15.5  -17.2 3.6 -209 -44.7 -255 -0.6
S&P U.S. Aggregate Bond Index SPUSBMIT -74 -19.6 -3.5 -14.8 | -104 -22.7 5.5 -37.1
S&P Eurozone Sov. ILB Index SPFIDA4IT -144  -12.6  -3.8 28.2 | -224 -14.2 9.7 22.6
S&P U.K. Gilt ILB Index SPFIGBIT -10.3 -11.6 -17.6 13.4 -20.0 -24.2 -22.6 12.3
S&P 10 Year US TIPS Index SPBDUI1ST -3.8  -19.3 4.6 7.7 -7.8 -16.5 13.3 4.2
S&P New Zealand ILB Index SPBNILT -8.4 -13.4 -6.6 11.6 -5.7 -12.8 -4.6 13.3
S&P Sweden Sov. ILB Index SPFISEI -6.1 -8.6 -2.3 29.6 -3.3 -3.6 -1.5 30.5
S&P Andean Sov. ILB Index SPFIMLUT -3.1 -17.7 -2.0 17.6 0.3 -1.1 4.8 20.0
S&P Pacific Allce. Sov. ILB Index SPFIMPUT -24 -14.3 2.5 26.9 4.3 12.7 18.9 32.9
S&P/BMV Mexico Sov. ILB Index SPVIFOU -1.8 -9.6 4.8 26.8 4.0 20.0 24.1 35.2
S&P 500 SPXT -2.7 -7.8 4.5 22.0 2.3 6.9 3.1 34.0
MSCI World EUR MSDEWIN -2.5 -7.5 2.5 29.9 4.2 8.0 0.2 37.8
Dow Jones DJITR -2.9 =77 0.8 18.7 7.7 9.6 -2.3 31.1

Note: "GE" is Germany and "NL" is the Netherlands. The top panel contains
nominal bond indices, the middle panel ILB indices and the lower panel stock
indices.

flation rates are all positive, but all negative for the UK and German inflation
rates. The correlations between quarterly stock market returns and inflation rates
are all positive, except for the Dow Jones index-based return which is negatively
correlated with Dutch inflation. Overall the table suggests that stocks can serve
as a (partial) hedge against inflation, in particular at the quarterly frequency.

Next, we group all the indices into three broad asset classes: nominal bonds,
ILBs, and stocks. Table [4 reports the average correlations between the nominal
returns on all pairs of indices from different asset classes. The average correlations
are positive and tend to be high or quite high, except for the average correlation
between stocks and nominal bonds.

Table 5] reports in basis points the average monthly and quarterly returns of
each asset class, as well as the volatility of these returns, measured as the average
of the standard deviations of the instruments of the corresponding asset class. The
nominal returns are expressed as percentage changes in euro denominated prices.
The real returns are measured as changes in local currency prices adjusted for
the corresponding CPI inflation. The average nominal returns are larger than the
average real returns because the average inflation rate is positive in each country.
In general, stocks have the highest average return and the highest volatility, while
nominal bonds have the lowest average return and the lowest volatility.



Table 4: Average correlations (in %) between asset classes

‘ monthly nominal returns

type of instruments ‘ nominal bonds ILBs stocks

nominal bonds 76.7 35.0 9.7
ILBs 35.0 46.6 37.9
stocks 9.7 37.9 96.6

‘ quarterly nominal returns

type of instruments ‘ nominal bonds ILBs stocks

nominal bonds 78.2 33.8 -0.7
ILBs 33.8 47.1 31.6
stocks -0.7 31.6 95.8

Note: Average nominal return correlations between index pairs based on the group-
ing of all assets into broad instrument classes.

2.3 Constructing mean-variance frontiers

Consider a portfolio of n instruments, with portfolio weights w:

w,:[wl WQ .« .. wni|

The return on instrument ¢ at time ¢ is R;;. The vector of (empirical) average
returns p and the variance-covariance matrix Y are, respectively:

I
M—[Ml M2 e /Ln}
and
2
01y 012 -+ O1n
2
021 05 -+ Og2p
3=
2
Onp1 Onp2 " g,

where u; = %Zthl R;; and 0;; = Cov(R;;, R;;). The global minimum-variance
portfolio solves the following minimization problem:

mino?, = w'Yw s.t. w'l, = 1. (1)



Table 5: Summary statistics of returns in basis points for each asset class

monthly average quarterly average
nominal ‘ real nominal ‘ real
type of instruments | | GE UK NL Us | | GE UK NL US
nominal bonds 20.0 2.3 2.9 1.3 -3.8 61.0 8.2 7.9 4.7 -11.7
ILBs 43.2 25.4 25.1 24.4 18.6 128.2 74.5 69.8 70.8 51.5
stocks 88.0 70.1 67.9 69.0 61.6 264.1 209.2 196.2 206.1 184.7
monthly volatility quarterly volatility
nominal ‘ real nominal ‘ real
type of instruments | GE UK NL Us | | GE UK NL uUs
nominal bonds 153.8 166.7 270.6 167.1 253.0 283.2 320.2 476.7 313.2 438.8
1LBs 307.1 311.2 354.2 3114 3454 503.7 513.0 548.3 505.6 549.4
stocks 419.5 421.5 406.0 419.9 406.2 672.4 671.0 571.2 6745 677.3

Note: The nominal returns are expressed as changes in euro denominated prices.
The real returns are measured as changes in local currency prices adjusted for the
corresponding CPI inflation. The average returns and the volatility of the returns
of an asset class are measured by taking the averages of the means and standard
deviations of the returns on the instruments within the corresponding asset class.

where 1,, is an n-dimensional column vector of 1’s. In the Appendix we show
that solving Eq. yields the following n-dimensional column vector of optimal
portfolio weights w,,:

wm = (1.X711,)7' 8711, (2)

The expected return on the global minimum-variance portfolio is p,, = w/, p.

To construct the mean-variance frontiers we also need to derive the minimum-
variance portfolio’s subject to a given target rate of return p,. We do this by
minimizing the same objective function, now subject to an additional constraint
that pins down the target return p,:

min o? = w'Yw (3)

st w'p = p, and w1, = 1.

In the Appendix we show that the solution is given by the vector of portfolio
weights w:

wp = X7 1 1,07 u, 1) (4)
where © is the two-by-two matrix:

O =[n1,] 27" [u 1]

9



1.5+ ' 4r ]

Unconstrained optimal frontier

Constrained optimal frontier

O Individual financial instruments
T

Unconstrained optimal frontier

Constrained optimal frontier

O Individual financial instruments
T

1

1
L 1
0.5 |
1

1 (in %)

1 (in %)
=

051

. . . . . . h I 1 . . . . . I
0 0.5 1 1.5 2 25 3 35 4 4.5 0 1 2 3 4 5 6 7
o (in %) o (in %)

(a) Monthly nominal returns (b) Quarterly nominal returns

Figure 2: Mean-variance frontiers. Note: mean-variance frontiers are expressed
i percentages and constructed from 17 bond indices and three stock indices based
on monthly nominal returns (left) and quarterly nominal returns (right). Returns
are derived from prices in euros.

Both the unconstrained and the constrained minimum-variance portfolio we just
derived allow for portfolio weights that are negative or exceed 100%, i.e. they
admit short-selling and borrowing. This is often not allowed in practice; therefore,
we also consider minimum-variance portfolios that constrain the portfolio weights
not to be negative or exceed 100%. These restrictions imply that w; € [0, 1], Vi.
In the following we solve the constrained optimization problem numerically .

3 Results

We use our n = 20 indices (17 bond indices and 3 stock indices) to construct mean-
variance portfolios for nominal returns in Section [3.I] and real returns in Section
B:2] Section [3.3] presents a sensitivity analysis in which we explore a number of
variations on the preceding setup. Our analysis is carried out for monthly and
quarterly returns, in view of the fact that nominal returns may respond with a lag
to inflation. Also, we present both portfolios in which short selling and leverage
is allowed (labeled "unconstrained") and portfolio’s where the portfolio shares w;
are constrained to lie between zero and one, labeled "constrained".

3.1 Nominal returns

The left panel of Figure [2] shows the mean-variance frontier based on nominal
monthly returns in the absence of any restrictions on portfolio weights w;, i.e.
short selling (w; < 0) and leverage (w; > 1) are allowed. The minimum-variance
portfolio corresponds to the most-left point on the frontier. Table [] reports that
the unconstrained global minimum-variance portfolio has a volatility of ¢ = 61.8

10



Table 6: Expected returns (u,,) and volatility (o,,) of the minimum-variance
portfolios for nominal returns.

monthly returns  quarterly returns

minimum-variance portfolio  p,, o, fim ‘ Lom Om i

unconstrained 13.3 61.8 13.3 1420 944 420
constrained 12.1 634 171|465 1134 80.3

Note: Numbers are in basis points. Further, i, is the expected return from the
unconstrained mean-variance frontier when volatility equals that of the constrained
minimum-variance portfolio.

Table 7: Portfolio allocations (in %) of the minimum-variance portfolios based on
nominal returns.

monthly quarterly
indices unconstrained constrained unconstrained constrained
nominal bonds 83.5 75.8 73.7 65.1
index-linked bonds 12.5 20.1 17.7 25.3
stocks 4.1 4.2 8.8 94

11



basis points (bps) and an expected return of i = 13.3 bps per month. The standard
deviation associated with this portfolio is strictly positive, indicating that it is not
possible to completely eliminate risk in nominal returns. Moving along the frontier
to the right, both the expected return and the standard deviation of the portfolio
increase. Table[7] presents the shares of the three asset categories in the minimum-
variance portfolio. We see that by far the largest fraction of the portfolio is made
up of nominal bond indices.

The unconstrained minimum-variance portfolio contains portfolio weights on
some individual assets that exceed 100% or are negative, implying borrowing or
short-selling. For example, the portfolio features an exposure of -214.7% to the
Netherlands sovereign bond index and +236.5% to the German sovereign bond
index[] We consider such weights unrealistic; therefore, in Figure [2] we also show
the mean-variance frontier when we constrain the weights on all individual assets
to lie in the [0, 1] interval. As expected, given that the constraints bind, the con-
strained minimum-variance portfolio has somewhat higher volatility (¢ = 63.4bps)
and a marginally lower expected return (u = 12.1bps). Compared to the uncon-
strained minimum-variance portfolio, the fraction allocated to nominal indices
falls but is still high. It is still dominated by the German sovereign bond index,
which has a 75.5% allocation in the overall portfolio. Although the constrained
minimum-variance portfolio unavoidably features a higher variance and a lower ex-
pected return, the differences with the unconstrained minimum-variance portfolio
are limited. For the monthly data, the expected return from the unconstrained
mean-variance frontier at the point where volatility equals that of the constrained
minimum-variance portfolio is 17.1 bps, implying a nominal risk premium from
the constraints of 17.1 — 12.1 = 5.0 bps.

The right-hand panel of Figure 2| shows the mean-variance frontiers based on
quarterly returns. These portfolios are also dominated by nominal bond indices,
although less so than the portfolios based on monthly returns. Consequently, the
weights of both ILBs and stocks are now higher. The implied risk premium of the
portfolio weight constraints rises to 80.3 — 46.5 = 33.8bps per quarter (see Table
[6), which when annualized is higher than for portfolios based on monthly nominal
returns: approximately 136 bps for the portfolios based on quarterly returns versus
60 basis points for the portfolios based on monthly returns.

In the remainder of this paper, we confine ourselves to portfolios that exclude
borrowing and short-selling, to prevent the unrealistically extreme allocations to
individual indices that characterize the unconstrained portfolios.

3.2 Real returns

So far, we have focused on mean-variance portfolios based on nominal returns. But
because we are interested in the purchasing power of investment portfolios, hence

"The coexistence of highly-correlated indices in a portfolio frequently leads to extreme weights
of opposite sign on these indices.

12
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Figure 3: Mean-variance frontiers based on monthly real returns. Note: real
returns are obtained by subtracting CPI inflation from nominal returns.

the hedging of inflation risks, we also construct the minimum-variance portfolio’s
based on real asset returns. The real returns are adjusted for the corresponding
CPI inflation and the relevant currency (i.e. euros for NL and GE, dollars for the
US, and pounds for the UK) ]

Figure 3| depicts the mean-variance frontiers of portfolios based on monthly real
returns for the aforementioned countries. Panel (a) shows that the unconstrained
minimum-variance portfolio based on Dutch inflation has a volatility of o = 76.9
bps and an expected return of ;4 = —4.7 bps, while the corresponding figures for
the constrained portfolio are o = 116.1 bps and p = 1.8 bps, respectively. See
also Table (8| Panels (b), (c¢), and (d) of Figure 3| depict the corresponding figures
for real returns based on German, U.K. and U.S. inflation, respectively. The
mean-variance frontiers based on Dutch and German inflation are highly similar.

8 Appendix [B| describes the steps that we perform to construct the nominal and real returns
from the data.
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Table 8: Expected real returns (u) and volatility (o) of the minimum-variance

portfolios.

monthly returns quarterly returns
country 1 o il ‘ I o il
NL unconstrained | -4.7 76.9 -14.9 119.7
NL constrained 1.8 116.1 185 | 20.2 209.9 90.0
GE unconstrained | -5.4 74.8 -14.6  129.8
GE constrained 26 1159 183 1| 264 217.1 914
UK unconstrained | -5.9 1334 15.3  204.2
UK constrained 84 192.6 31.1| 59.5 297.9 146.1
US unconstrained | 0.7 77.2 14.2 115.2
US constrained 7.1 1104 21.5| 33.1 194.8 108.9

Note: Numbers are in basis points. Real returns

are constructed by subtracting
CPI inflation from the nominal returns. Borrowing and short-selling are excluded.
Finally, (f1) is the expected return on the unconstrained mean-variance frontier
when volatility equals that of the constrained minimum-variance portfolio.

Table 9: Allocations of constrained minimum-variance portfolios based on real

returns
‘ monthly returns quarterly returns
indices | NL GE UK US |NL GE UK US
nominal bonds 726 734 719 93.0|58.2 573 472 85.6
index-linked bonds | 23.0 224 139 0.1 |34.2 324 249 26
stocks 44 42 143 6.9 | 7.7 103 279 11.8

Note: allocations are in percent and exclude borrowing for and short-selling of
individual indices. Real returns are obtained by subtracting CPI inflation from the

nominal returns.
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The global minimum-variance portfolio based on U.K. inflation has a larger
volatility than those based on Dutch, German and U.S. inflation. The constrained
minimum-variance portfolio with the lowest volatility (¢ = 110.4 bps) is based on
U.S. inflation. The constrained portfolio based on U.K. inflation again features
the highest volatility. The real-term volatilities of the minimum-variance portfolios
constructed from the real returns are higher than the nominal-term volatilities of
the minimum-variance portfolios based on nominal returns, as shown in Table [6]
Most importantly, even though ILBs are part of the portfolios, it is not possible
to create portfolios, unconstrained or constrained, that generate returns that are
stable in real terms. In other words, inflation risk cannot be hedged away with an
appropriate choice of portfolio composition.

Figureld|depicts the mean-variance frontiers of portfolios based on the quarterly
real returns. As before, the volatilities associated with the minimum-variance
portfolios, unconstrained or constrained, are strictly positive; see also Table [§]

Table [9] presents the allocations of the constrained minimum-variance portfo-
lios. Contrary to what one might have expected a priori, in all instances nominal
bond indices, and not ILBs, again dominate the allocations, especially for the
U.S. inflation. The weights on nominal bonds vary between 72% and 93% for the
monthly real returns and between 47% and 86% for the quarterly real returns.
Compared to constrained minimum-variance portfolios based on nominal returns,
ILBs see their role increased for the quarterly real returns based on German and
Dutch inflation, where they reach about one-third of the portfolio. Remarkably,
however, for real returns based on U.S. inflation the minimum-variance portfolios
contain hardly any allocation towards ILBs. Stocks feature a higher share in the
portfolios based on the real returns for U.K. and the U.S. inflation, while for Dutch
and German inflation the shares allocated to stocks are about the same as for the
portfolios based on nominal returns.

Finally, Table |8] also reports i, the expected return on the unconstrained
mean-variance frontier at the point where volatility equals that of the constrained
minimum-variance portfolio. For the Netherlands, the implicit risk premium at-
tributed to the constraints is 18.5 — 1.8 = 16.7 bps per month for the monthly
returns and 90.0 — 20.2 = 69.8 bps per quarter for the quarterly returns. If both
are brought to the annual basis, these are 200 bps and 279 bps, respectively. For
German and U.S. inflation, the figures are similar, while for U.K. inflation, the
implicit risk premia are larger than in the other cases, at 22.7 bps and 86.6bps for
the monthly, respectively, quarterly returns.

3.3 Sensitivity analysis

This subsection explores to what extent our findings so far are affected by varia-
tions on the current setup. Henceforth, we confine ourselves to portfolios based
on real returns.
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Table 10: Expected return and volatility of minimum-variance portfolios excluding
one asset class at a time.

| all instruments excl. nominal bonds excl. ILBs excl. stocks

‘ monthly  quarterly ‘ monthly  quarterly ‘ monthly  quarterly ‘ monthly  quarterly

| expected returns (in bps)

NL unconstrained -4.7 -14.9 6.1 22.2 -3.2 -7.6 -6.0 -22.3
NL constrained 1.8 20.2 8.7 33.7 1.6 16.0 0.4 9.7
GE unconstrained -5.4 -14.6 6.1 22.1 -3.8 -7.0 -5.6 -23.3
GE constrained 2.6 26.4 9.6 40.0 2.2 23.6 1.1 11.3
UK unconstrained -5.9 15.3 14.2 56.0 -1.6 17.9 -8.0 -18.3
UK constrained 8.4 59.5 19.3 82.5 9.0 55.2 2.8 20.5
US unconstrained 0.7 14.2 15.5 58.1 2.2 13.7 -0.8 -3.1
US constrained 7.1 33.1 174 61.3 7.1 32.7 3.6 16.2

| volatility in returns (in bps)

NL unconstrained 76.9 119.7 138.0 229.7 83.5 140.8 78.0 122.7
NL constrained 116.1 209.9 142.9 241.1 118.6 219.4 116.9 214.4
GE unconstrained 74.8 129.8 139.1 233.4 82.0 146.6 75.7 134.8
GE constrained 115.9 217.1 144.2 250.2 118.3 225.1 116.7 225.4
UK unconstrained 133.4 204.2 232.4 321.1 146.2 251.0 136.1 228.8
UK constrained 192.6 297.9 235.3 333.2 193.9 306.0 198.4 337.3
US unconstrained 7.2 115.2 167.3 235.7 82.6 135.8 78.9 122.4
US constrained 110.4 194.8 178.0 271.1 110.4 195.2 113.6 207.1

Note: real returns are constructed by subtracting CPI inflation from the nominal
returns. Borrowing and short-selling are excluded.

3.3.1 Excluding one index at a time

In order to assess the contribution of individual asset classes to inflation hedg-
ing, we explore to what extent the properties of the minimum-variance portfolios
change when we exclude one specific asset class at a time. Table reports the
expected returns and volatilities of the corresponding minimum-variance portfo-
lios. The exclusion of the nominal bond indices has the biggest impact: excluding
this asset class leads to significantly higher volatility of the minimum-variance
portfolios, accompanied by a higher expected return.

3.3.2 Aligned volatilities

The relatively low risk of returns on nominal bond indices (see Table |5) may well
explain why minimum-variance portfolios are dominated by this asset class. In
order to explore this hypothesis, we counterfactually set the volatility of the real
return on each index at the average volatility of the real returns across all indices,
while rescaling the average real return on each index, so as to keep the Sharpe ratio
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at its original value[] In this way, the individual riskiness of each index becomes
the same while maintaining the diversification benefits of the portfolio.

Figure |5 shows the mean-variance frontiers for the monthly real returns, while
the first panel of Table[LT|shows the asset allocations of the corresponding minimum-
variance portfolios[l) With the above scaling, the only way to reduce the riskiness
of the portfolio is through diversification, as each individual index now has the
same volatility. The minimum risk portfolio now contains only about 30% to 40%
nominal bond indices. The allocation to ILB indices increases to 30%-45%, ex-
cept for the monthly real returns based on German and Dutch inflation, where
the allocation to ILB indices increases even further to 53%-55%. In addition, the
weight of the stock indices increases. The large decrease in the portfolio share of
nominal bonds, matched by an almost corresponding increase in the share allo-
cated to ILBs, confirms that the high nominal bond shares that we found earlier
are mostly related to the low volatility in the real returns on nominal bonds. If
we eliminate this relative advantage of nominal bonds over ILBs, the dominant
allocations to nominal bonds in the minimum-variance portfolio disappear, giving
greater importance to diversification.

3.3.3 Including additional asset classes

The findings in Section [3.3.2]strongly indicate that diversification plays an impor-
tant role in reducing portfolio risk. To see whether the diversification benefits can
be raised even further, we explore the impact of adding additional asset classes.
Specifically, we allow for exposure to global real estate markets and commodities
by adding four real estate and three commodity indices to the portfolios.

The correlations of the returns of these new indices with the CPI inflation
are reported in Table [I2l The nominal returns on the commodity indices are
positively correlated with inflation in general, while the nominal returns on the
real estate indices are positively correlated with US inflation, but weakly and
mostly negatively correlated with CPI inflation of the other countries. This is in
particular the case for monthly data.

Table 13| reports the average monthly and quarterly returns of these two asset
classes, as well as the average standard deviation of the instruments of each of
these asset classes. Similarly to the asset classes in Table [f] the average nominal
returns are higher than the average real returns because the average inflation is
positive in each country. Both the average return and its volatility are higher for
real estate than for commodities.

Figure [0] presents the optimal frontiers for monthly real returns when indices
of real estate and commodities are included. The allocations of the corresponding
constrained minimum-variance portfolio are reported in the second panel of Table

9The Sharpe ratio is the ratio of the average return divided by the standard deviation of the
return.
OFigure in the Appendix shows the mean-variance frontiers for the quarterly real returns.
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Figure 5: Mean-variance frontiers based on monthly real returns after scaling the
returns to align the volatilities. Note: Real returns are obtained by subtracting
CPI inflation from the nominal returns.
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Table 11: Allocations of the constrained minimum-variance portfolios — sensitivity

analysis.
‘ monthly returns quarterly returns
indices | NL GE UK US |NL GE UK US
Section |3.3.2 ‘ scaled returns to align the volatilities

nominal bonds
index-linked bonds
nominal bonds

30.7 293 30.1 398
02.7 549 453 314
16.7 15.8 245 289

349 333 336 284
376 36.1 30.1 39.1
275 306 36.3 32.5

Section |3.3.3 ‘ including real estate and commodities
nominal bonds 770 784 T76.0 905|749 744 580 8&7.3
index-linked bonds | 13.2 11.5 6.4 1.1 | 14.0 155 25.7 2.5
stocks 0.5 02 51 1.1 | 28 5.7 177 25
real estate 00 00 00 00|00 00 00 00
commodities 98 10.0 175 84 |11.2 10.0 16.3 10.2
Section |3.3.4 ‘ post COVID-19 (01-03-2020 to 18-04-2024)
nominal bonds 57.1 62.2 BH1.7 9741|285 172 6.8 748
index-linked bonds | 42.9 37.8 482 26 |63.1 629 70.3 238
stocks 00 00 00 00| &84 199 229 14

Note: allocations are in percent and exclude short-selling of and borrowing for
indiwidual indices. Real returns are obtained by subtracting CPI from nominal
returns.

Table 12: Correlations (in %) of the returns on real estate and commodity indices
with CPI inflation rates.

‘ monthly correlations

quarterly correlations

Index name ticker | GE UK NL US| GE UK NL US
FTSE EPRA/NAREIT Developed RNGL -69 -102 -12 266 | -1.1 113  -43  35.0
RMSG: MSCI US REIT Total Return RMSG -5.2 -7.9 1.7 20.4 1.3 16,6 -0.0 33.2
STOXX Europe 600 Real Estate SX86P -134 -13.0 -106 23.6 | -11.0 -2.5 -185 25.9
Dow Jones U.S. Real Estate DJUSRE -5.5 -6.8 0.8 20.4 2.2 18.9 1.7 33.5
S&P GSCI Total return SPGSCITR | 23.7 19.0 19.1 65.7 | 35.8 374 420 79.8
Bloomberg Commodity Total return BCOMTR 20.1 15.0 17.3 589 | 30.1 324 390 749
Dow Jones Commodity DJCIT 19.2 12.4 15.7  61.7 | 283 29.2 357 74.8

Note: The top panel contains the correlations with the real estate indices and the
bottom panel the correlations with the commodity indices.
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Table 13: Summary statistics of returns in basis points for each asset class

monthly average quarterly average
nominal ‘ real nominal ‘ real
type of instruments | | GE UK NL Us | | GE UK NL US
real estate 51.8 34.1 32.1 33.0 27.0 158.3 104.5 86.9 101.4 82.6
commodity 21.5 3.2 0.7 2.3 -3.5 59.1 3.2 -7.6 -0.6 -15.9
monthly volatility quarterly volatility
nominal ‘ real nominal ‘ real
type of instruments | | GE UK NL Us | | GE UK NL US
real estate 583.6 586.4 576.9 585.2 592.2 1029.0 1030.4 932.5 1033.8 1056.9
commodity 530.1 522.5 5079 523.1 5428 952.2 923.9 890.8 919.6 975.8

Note: The nominal returns are expressed as percentage changes in euro denom-
wnated prices. The real returns are measured as changes in local currency prices
adjusted for the corresponding CPI inflation. The average returns and the volatil-
ity of the returns of an asset class are measured by taking the averages of the means
and the standard deviations across the indices of the asset class.

il

The allocations to the real estate indices are negligible, implying no change in
the constrained minimum-variance portfolios. However, allocations to commod-
ity indices range from 8.4% (monthly returns based on U.S. inflation) to 17.5%
(monthly returns based on U.K. inflation) and are accompanied by smaller alloca-
tions to ILB and stock indices. When comparing these frontiers with the original
frontiers excluding commodity and real estate indices, indicated by the red dashed
lines, we observe a shift to the left, indicating that with the additional assets the
minimum-variance portfolios have lower volatility. For monthly returns, the re-
duction in volatility ranges from 9 to 22 bps. The Appendix shows the results
based on quarterly returns in Figure [A2] where the reduction in volatility varies
from 18 to 34 bps. A separate analysis, not explicitly reported, with only real
estate included as an additional asset class does not result in reductions in the
minimum variance. The conclusion is clear: adding real estate exposure does not
yield additional diversification benefits, but adding commodity indices does help
to further mitigate inflation risk.

3.3.4 The post COVID-19 crisis period

A priori, we would expect ILBs to be a particularly attractive asset class during
periods of high inflation, such as that in the aftermath of the COVID-19 crisis.
Therefore, we focus in this section on the subsample period since March 1, 2020.
Figure [7] shows the corresponding mean-variance frontiers for the monthly real
returns, while the corresponding asset class allocations are reported in the third
panel of Table 11 In the case where real returns are based on U.K. CPI inflation,
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Figure 6: Mean-variance frontiers based on monthly real returns when real estate
and commodity indices are included. Note: Real returns are obtained by subtract-
ing CPI inflation from nominal returns.
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the risks associated with the constrained minimum-variance portfolios are lower
than for the full sample period. However, the lower minimum risk comes at a sub-
stantial cost in terms of the expected return, which in all cases turns from positive
to negative. Compared to the full sample, the asset allocations of the minimum-
variance portfolios exhibit a substantial shift to ILB indices. For quarterly returns,
except for U.S. inflation, ILBs are now the dominant class. Overall, these findings
suggest that during periods of high inflation ILBs provide substantial, though still
imperfect, inflation protection.

4 Evaluation of long-term inflation hedging through
a variable annuity

So far, we have constructed optimal minimum-variance portfolios based on their
performance over a short period of time, that is, a month or a quarter. This
section makes optimal portfolio decisions more realistic in two directions.

First, many investors tend to stay in the market for substantially longer, which
requires evaluating performance over a longer time horizon. Portfolios that may
be optimal in terms of the trade-off between risk and expected return over a
short period may no longer be so when evaluated over a long horizon. Moreover,
changes in inflation take time to affect nominal interest rates, while compensation
for inflation through ILBs usually occurs with lags. For example, for U.S. TIPs
the principal sum is uprated every half year with realized inflation over that half
year. Through these lags, optimal portfolio compositions may be affected by the
investment horizon, which compels us to analyze optimal portfolio compositions
over a correspondingly longer evaluation period. Specifically, we analyze the per-
formance of a variable annuity over a simulation period of 20 years. The length of
the simulation period is roughly in line with the time the average worker can be
expected to be in retirement.

Second, a variable annuity can be considered a financial product for people who
enter retirement and face a trade-off between uncertainty in purchasing power
and expected increases in purchasing power. Hence, we also no longer confine
ourselves to minimum-variance portfolios, which result from extreme risk aversion,
but consider portfolios that maximize utility of individual investors with finite risk
aversion.

Overall, these changes allow us to evaluate the trade-off between risk and
expected return over a long investment horizon.

4.1 Estimation

We jointly estimate the nominal returns of the n = 20 financial indices and the
inflation rates. The nominal returns are modeled as:
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iy = Wi+ Oi€ig. (5)

where the parameter p is the same as that used in Section to calculate the
mean-variance frontiers based on the nominal returns. For each country, the in-
flation rate is assumed to obey the following process:

p
T = Qg + g o] + OrEnt- (6)
=1

This is a standard AR(p) approach that is traditionally used in the literature to
model inflation, e.g. |Stock and Watson| (1999, 2007). Rygh et al. (2025) investigate
the effectiveness of more advanced models, such as neural network models, and
find that traditional models, including AR(p)-models, may offer more practical

and accurate solutions. The long-run mean estimate is given by i, = %
=1

As a final step in the estimation for each country, we construct the (n + 1) x
(n+1) covariance matrix Y. of the residuals of the estimated processes of nominal
returns (g,4, ¢ € {1,...,n}) and inflation (e,;). From this matrix, we obtain
the volatility of each instrument o;, the volatility of inflation rates o, and the
correlations [1]

For each country, the estimates are reported in Table [14[ Return numbers
apply to the time space between observations. The long-term annualized mean
based on the full sample is around 3%. Estimates based on the period prior to
COVID-19 indicate a lower average inflation rate (u,) and lower volatility of infla-
tion rates (o) than we obtain over the period after COVID-19. Not surprisingly,
the estimates based on the full sample period lie in between the sub-sample esti-
mates. The sum of the estimated coeflicients of the lags varies from 0.38 to 0.82
based on the full sample period. This implies a stationary inflation process with
moderate persistence. The model for quarterly U.S. inflation achieves a relatively
low explanatory power (R* = 10%), while the other models are able to explain
30% to 50% of the variation.

4.2 Simulation

Using parameter estimates and the variance-covariance matrix, we simulate ) =
10, 000 scenarios of nominal returns and inflation rates. For consistency, the length

HUThe covariances between the asset returns and inflation in the 21-by-21 variance-covariance
matrix are based on the empirical co-variances of the relevant residuals.

12Tablein the Appendix shows more details on these estimates, by presenting the estimated
coefficients of all individual lags and the corresponding standard errors.
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Table 14: Estimates of the parameters of the inflation process.

monthly (6 = 1)

quarterly (6 = })

estimates | NL GE UK US ‘ NL GE UK US
full sample period: 20-09-2004 to 18-04-2024
Qo 0.07  0.04 0.06 0.07 | 023 0.16 0.30 0.40
>or_, 6y | 65.33 81.99 79.93 65.58 | 61.72 73.88 65.86 37.79
fx 0.20 0.20 0.28 0.21 | 0.61 0.62 088 0.64
Or 034 026 031 0.20 | 0.70 0.65 0.77 0.72
R? 45.95 49.03 41.42 52.89 | 25.36 37.43 33.77 9.94
pre-COVID-19: 20-09-2004 to 01-03-2020
Qo 0.10 0.06 0.10 0.12 | 0.35 0.21 048 0.64
P Gp 2668 46.52 57.63 22.23|10.34 41.11 32.78 -31.19
[l 0.13 0.12 023 0.15 | 039 036 0.72 0.49
Or 0.21 024 026 020 | 045 049 057 0.65
R? 60.58 47.26 37.30 46.17 | 38.63 37.87 15.62 6.03
post-COVID-19: 01-03-2020 to 18-04-2024
Qo 037 022 012 013 | 1.36 137 102 1.14
P Gp | 1875 51.33 7495 69.31| 295 514 40.80 16.30
[l 0.45 046 048 042 | 140 144 173 1.36
Or 0.52 026 039 0.17 | 0.85 0.85 1.03 0.70
R? 46.83 62.57 55.94 67.98 | 42.52 40.67 55.53 26.33

Note: all values are multiplied by 100. The parameter estimates are from the
following inflation process: m = ao—l—ZfZI oqm_+0rery. The estimated long-run

mean 1s gien by: fir

= % The monthly data assumes order p = 12 and
=1

the quarterly data assumes order p = 4.
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of each period used in the scenario simulations is aligned with the frequency at
which the data are estimated. Specifically, scenarios simulated at the monthly
frequency use returns estimated at the monthly frequency, while scenarios simu-
lated at the quarterly frequency use returns estimated at the quarterly frequency.
Hence, differences in the optimal portfolio allocations and the welfare gains be-
tween the monthly and quarterly simulations can therefore be traced back to
differences in the estimations at the two frequencies. In particular, the estimated
returns processes and correlations between the indices differ substantially between
the monthly and quarterly data, as documented in Table [3] and Table [4]

We simulate scenarios over a period of T'x § = 20 years. That is, for the
monthly (quarterly) simulation for each scenario, 240 (80) sets of shocks for the
20 assets and the inflation process are drawn using the matrix of residuals. These
are substituted into the estimated return and inflation rate processes to simulate
time paths for these variables. To simulate a time series for m; using Eq.@ we
set the initial values m_, to my. We assume that these initial values in all cases

are equal to the estimated long-term mean value yi,. Finally, we obtain the real
iy

returns on the assets as 1 + Tit = Tim -

4.3 Evaluation of welfare effects

For each scenario ¢, we evaluate a time-varying annuity that pays a constant ben-
efit in each period based on a fixed discount factor 8. Assume a fund W, from
which the annuity is paid each period:

T
Dot = W/ > BT, for t € {0,1,2,...,T}. (7)

s=t

for monthly simulations (7" = 20/6 = 240) and for quarterly simulations (7' =
20/6 = 80). The fund then evolves in scenario g with the vector of simulated real
returns r,,; over the simulation period as:

W%O =1, (8)
Wytr1 = Wyr —bgs) * (1 4+ W'rgey1), for t €{0,1,2,....,7 — 1}. 9)

For simplicity, we do not consider dynamic portfolios. This is also in line with a

commonly-shared strategy followed by long-term investors, such as pension funds,

that tend to allocate fixed fractions or ranges of their portfolios to the different

asset categories. Hence, we evaluate portfolios with fixed allocations w assuming

that an individual investor values annuity benefits according to the utlility function
bl

u(.) with a constant relative risk aversion parameter 7, i.e., u(b) = IT;, and with
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a time discount factor (f):

Q T
U(w,7) = %Z S Bu(bya(w)) (10)

q=1 t=0

The implied certainty equivalent benefit (C'E) is:

(- V)U(ww)) o "

CE (w > ’Y) = T

2 = B
With a numerical solver, we can find the portfolio allocation w’ with the highest
certainty-equivalent benefit, given 7. As a benchmark, we take the constrained
minimum-risk portfolio based on real returns derived in Section which we de-
note by w,,, and calculate the welfare gain relative to this benchmark as:

CE(w},7)
) =—"—1. 12
Gain(7) CE(wm. ) (12)
4.4 Results
We set the time discount factor  equal to ths in line with the risk-free rate of

European swap rates for maturities of 10 to 30 years as of November 2025. First,
we examine the optimal portfolio for an investor with extremely high risk aversion
(v = 100). While this level of risk aversion is not very realistic, it is nevertheless
informative, as it highlights the characteristics of a portfolio when the investor
seeks to hedge inflation risk as effectively as possible. Second, we consider lower
values of the constant relative risk aversion parameter, reducing ~ from 100 to 5.

We then compare the resulting welfare gains relative to the minimum-variance
portfolios. For the highest level of risk aversion, the welfare gain primarily reflects
the benefit of adopting a long-run optimal portfolio that closely approximates the
minimum-risk portfolio. For lower levels of risk aversion, the welfare gains capture
two components: (i) the benefit of adopting a multi-horizon perspective, and (ii)
the gains from taking on a risk-return trade-off consistent with the investor’s
degree of risk aversion.

Table [15| reports the constrained portfolio allocations across asset classes that
maximize welfare, while Table [16| presents the associated welfare gains for these
optimal constrained portfolios.

4.4.1 Portfolio implications under extreme risk aversion

With extreme risk aversion (v = 100), the optimal portfolio mainly allocates to
equity indices and ILB indices. One exception arises in the case of monthly real
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returns in the U.S., where the optimal portfolio consists largely of nominal bonds
alongside a low allocation to ILBs. Overall, these portfolios are well diversified.

Compared to the one-period minimum-variance portfolios (see Table @, the
long-horizon perspective leads to a noticeably higher allocation to ILBs and equi-
ties. Given these substantial differences in portfolio composition, the associated
welfare gains are also considerable. Specifically, the welfare gains from adopting a
multi-period optimal portfolio range from 25% (quarterly real returns in the U.S.)
to 80% (monthly real returns in the U.K.).

4.4.2 Portfolio implications under varying risk aversion

With lower risk aversion, the optimal portfolios adjust as the investor trades off
risk against expected return. When the constant relative risk aversion parameter
v decreases from 100 to 5, expected real returns become increasingly important
relative to the volatility of the real returns.

The portfolio composition remains largely stable when ~ varies between 20
and 100. However, as v falls from 20 to 5, allocations to equities increase, while
allocations to nominal bonds and ILBs decrease. For relatively low risk aversion
(v = 5), the optimal portfolio is heavily skewed toward stocks, although a sub-
stantial allocation towards ILBs remains, typically larger than in the one-period
minimum-variance portfolios (see Table [9).

The welfare gains for the lowest level of risk aversion considered (v = 5) range
from 36% (quarterly real returns in the U.S.) to 61% (monthly real returns in
Germany). These gains reflect both the benefits of adopting a multi-period per-
spective and selecting a portfolio that achieves the optimal risk-return trade-off.

Overall, the welfare gains are particularly high for investors with either very
high risk aversion (7 > 50), due to the strong penalty for sub-optimal portfolios,
or low risk aversion (y = 5), as the investor favors more aggressive portfolios than
the minimum-variance benchmark.

5 A framework to rationalize portfolio allocations

Our empirical results indicate a limited hedging effectiveness of inflation-linked
bonds (ILBs), especially in the period before COVID-19, when inflation rates were
relatively low and stable. In this section, we propose a possible explanation for
the limited role of ILBs in minimum-variance portfolios. In addition, we provide
intuition for the resulting portfolio allocations when risk aversion is finite and
investment horizons are long. A key element is the presence of real basis risk,
which arises from market imperfections in hedging inflation. This real basis risk
reflects the limited availability of ILBs, illiquidity in their markets, and other
imperfections. For example, not all desired maturities of ILBs are available, and
for some inflation processes no ILBs exist at all. In particular, there is no ILB
linked to Dutch inflation. As a result, investors seeking to hedge Dutch inflation
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Table 15: Optimal portfolio allocations (in %) for the variable annuity including
constraints that prevent borrowing and short-selling.

asset class ‘ monthly returns quarterly returns

~v =100 ‘ NL GE UK US| NL GE UK US
nominal bonds 104 22 50 655|224 256 01 0.2
index-linked bonds | 46.8 42.6 39.6 4.0 | 60.4 58.0 31.3 44.7
stocks 42.8 552 554 30.5| 172 16.3 68.6 55.2
v =50 NL GE UK US| NL GE UK US
nominal bonds 74 2.0 80 658|221 254 0.1 0.1
index-linked bonds | 49.5 434 36.4 24 | 584 559 31.5 47.0
stocks 43.1 54.5 555 31.8|194 187 684 52.8
v =20 | NL GE UK US|NL GE UK US
nominal bonds 42 1.5 139 630|179 249 01 5.3
index-linked bonds | 54.7 48.8 28.8 1.9 | 54.0 48.0 28.7 45.9
stocks 41.2 49.7 573 351|282 271 71.2 488
v =10 NL GE UK US|NL GE UK US
nominal bonds 29 14 138 376 14 86 01 04
index-linked bonds | 51.4 50.3 24.3 14.5|48.9 422 222 435
stocks 45.7 482 61.9 479 |49.7 492 7T7.6 56.1
vy=5 NL GE UK US| NL GE UK US
nominal bonds 1.1 10 07 0702 01 01 01
index-linked bonds | 22.6 21.9 13.0 20.2 | 185 156 7.2 16.6
stocks 76.2 771 86.3 79.1 |81.3 84.3 92.7 83.3

Note: Simulations are based on real returns. Allocations are in percent.
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Table 16: Welfare gain compared to the minimum-variance one-period portfolios
including constraints that prevent borrowing and short-selling.

monthly returns quarterly returns

v |NL GE UK US|NL GE UK US|

100 | 46.0 52.2 80.1 39.6 | 27.9 289 349 25.2
50 | 444 50.8 76.8 36.5|26.5 26.8 37.2 248
20 424 48.6 658 26.2|259 258 43.0 23.1
10 | 48.3 55.1 58.0 27.1 412 436 454 28.1
3 57.1 61.3 55.6 37.3|55.3 589 42.7 36.1

Note: numbers are expressed in percent. Welfare gains compare the certainty-
equivalent benefit from the optimal portfolio (w*) with the certainty-equivalent ben-
efit from the minimum-variance portfolio (wy,).

can only rely on ILBs linked to foreign, non-Dutch CPI indices, which introduces
imperfect inflation hedging.

5.1 Theoretical framework

We assume that the CPI evolves as:

dHt/Ht = [,Lﬂ—dt + UﬂdZﬂ—7t. (13)

We consider three assets. The first is a nominal bond, which serves as the market
observable benchmark. It features a fixed nominal rate of return r:

dBY /BN = rdt. (14)

The second asset is an index-linked bond. In an ideal market, this bond would
perfectly hedge inflation. However, we allow for real basis risk, denoted by 7,
capturing the fact that ILBs do not perfectly hedge the relevant inflation risk.
This reflects, for example, that ILBs may be linked to foreign CPI indices rather
than the investor’s domestic inflation, leading to imperfect inflation hedging. It
also captures additional market frictions in inflation hedging, including limited
ILB availability, market illiquidity and the absence of bonds at specific maturities.
The ILB nominal return consists of three components:
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dBf'/Bf* = (r — piz)dt + dI1, /TL, + diy, (15)
= rdt + O}rdth + d?]t (16)

The term dn; represents a stochastic "spread" between the nominal benchmark
and the real asset. It captures the aforementioned imperfections and evolves as:

dnt = I[Lndt + Undth. (17)

The parameter o, represents the uncertainty regarding the basis risk (i.e., the
volatility of the spread). Consequently, the return on the index-linked bond is:

dBE/BE = (r + p,)dt + 0,dZ ;s + 0,dZ, ;. (18)

Finally, the third asset is a stock with nominal return, also following a geometric
Brownian motion:

dSt/St = ,USdt + O'SdZS,t. (19)

A representative agent has initial wealth W, and chooses portfolio allocations to
maximize the expected utility of terminal wealth real wealth:

E[pT ). 5
OSWiSES?S,R,N} (57U (Wr/1lz)] (20)

dsS; dBN dBE
th/Wt = WSE + WNB—;] + WRB_t;;

ws +wy +wgr = 1. (23)

(22)

where Wr is terminal nominal wealth, and where we exclude short-selling and
asset positions larger than total wealth. Using the above assumptions, we have:

AWy /Wy = (r + ws(ps — 1) + writy)dt + wsosdZsy + wr(0xdZxy + 0,dZ, ;) (24)
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Applying 1t6’s Lemma to f(II;) = 1/I1; yields:

d(1/11;)
1/1,

™

= (02 — pp)dt — 0,:dZ, (25)

Hence, the process for the return on real wealth (w, = Wy /II;) is as follows:

dwifw; = (1 — pr +ws(ps — 1) + (1 — wr)o2 + wp,)dt (26)
- (WSUSUﬂ'pS,fr + WRUnUﬂ'pn,Tr)dt (27)
+wsosdZsy + (wgp — 1)o,dZ y + wWro,dZ, (28)

where correlations between the Brownian motions are given by p; ; = corr(dZ;, dZ;)
fori,j € {S,m,n}.

With constant relative risk aversion (CRRA) utility and using wr/wo = exp(In wp—
Inwy) and E(dInw,) = [E(dw,/w;) — §Var(dw,/w,)]dt, we obtain:

E[U(wr)]/U(wo) = Elexp((1 —)((Inwr — Inw))] (29)

= Elexp((1 — 7)(/0 E(dw;/wy) — %Var(dwt/wt)dt))] (30)

Next we solve analytically for the unconstrained asset allocation. As our styl-
ized setup is equivalent to optimizing the mean-variance tradeoff, we can simplify
our optimization problem analogously to Merton’s optimal portfolio problem for
CRRA utility (Merton), [1975):

arg max E[BTU(Wr /1l1)] = arg max|[E(dw;/w;) — %Var(dwt/wt)] (31)

This implies that we need to solve:

max  wg(psg — 1) + (1 — wr)o? + Writy — wsA —wrC — ... (32)
...%(u}gag + (wr — 1)%02 + whoy) — ... (33)
Y (ws(wr — 1)A 4+ wswrB + wr(wg — 1)C). (34)

where A = 0g0,psr, B = 0s0,ps, and C = 0,0,p, ». In Appendix we show
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that this leads to the following optimal portfolio allocations:

ug—r—A+A—w§(A+B)

“5= V0% % (%)
2 2 * *
. pp—o02—C o —wi(A+B)+(1-2wy)C
YR ;(02 + 02) * ” 02 + o2 : (36)
s n ™ n

To provide some intuition for these expressions, consider the case in which all
risk factors are mutually uncorrelated, i.e. ps, = ps, = py» = 0, which implies
A =B = (C =0. Then, these expressions simplify to:

Hs —7T

we = 37
S % ( )
1 72

v(02 +02)

The first line shows the well-known optimal stock allocation found by Merton
(1975). The expression in the second line shows that even in the absence of real
basis risk, i.e. pu, = 0, the optimal allocation to index-linked bonds is positive
when risk aversion is greater than 1.

5.2 Rationalizing portfolio compositions

In the following we explore how far this simple setup can get us in replicating
both the one-period minimum-variance portfolio allocations constructed earlier,
corresponding to the extreme case of ¥ — 0o, as well as the portfolio allocations
resulting from our simulation exercise in the previous section in which we allowed
for finite degrees of risk aversion and a long-term investment horizon.

The process for 7 is central here: as o, increases, the ILB becomes a less
reliable instrument for hedging inflation risk, because the difference between the
hedging instrument ILB and the evolution of inflation the-infationtarget becomes
more uncertain.

Throughout, we assume that the volatility of inflation is equal to the average
of the volatilities of our annualized inflation rates, i.e. o, = 2.5%. Furthermore,
the standard deviation of stocks is set at the average of the standard deviations
of the returns on our three stock indices, i.e., o5 = 12.5%.

5.2.1 Replicating minimum-variance portfolio compositions

First, we turn to the composition of the minimum-variance portfolios. In Section
3.2| we showed that stock allocations range from 4% to 28% (and 11% on average)
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and ILB allocations from 0% to 34% (and 19% on average) in the minimum-
variance portfolios. With investors interested only in hedging risk, i.e. v — oo,
the theoretical portfolio weights of stocks and indexed debt reduce to:

., A—wp(A+B
wy = A7 walA+ D) (30)
s
2 2 _
iy = (024 C)og — A(A+ B) (40)

(02 402+ 2C)o% — (A+ B)?

We use these analytical expressions as well as a numerical solver to obtain the
results for both interior and boundary solutions.

Our data show that the average correlation between the quarterly returns on
the three stock indices and inflation varies from 0.3% to 34%, with an average of
12%5] Hence, we assume a positive correlation between the risk factors for the
inflation rate and the returns on stocks, i.e. pgr. > 0.

Zero correlations with real basis risk

For simplicity, we first consider the case where real basis risk is uncorrelated with
both inflation (p, . = 0) and stock returns (ps, = 0). Relaxing these assump-
tions would create more degrees of freedom to replicate the asset allocations in the
minimum-variance portfolios. However, little is known about the correlations of
the real basis risk with these other risk factors, hence later on we will vary these
correlations and explore how this affects portfolio allocations. The assumptions
that ps, = py- = 0 imply B = C = 0. The resulting weights of the minimum-
variance portfolios are:

* * O—ﬂ'
ws = (1- WR)pSJrO__S (41)
2
g,
wr=1-— J (42)

o3 (1 = p5x) +0;

The middle column of Figure [§| shows the optimal allocations as a function of
the volatility of the basis risk (o,)) for different correlations between inflation and
stock returns pg ..

With zero basis risk (o, = 0%), the ILB is a perfect hedge and it is optimal to
invest the complete portfolio in ILBs. However, raising the volatility of the basis
risk (o, > 0) produces a decreasing optimal share of ILBs. This is intuitive: as

13For Dutch inflation, the average correlation with stock indices is 0.3%. For German, U.K.
and U.S. inflation, the average correlations are 4.7%, 8.2% and 34.3%, respectively.
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basis risk increases, ILBs trade a reduction in inflation risk in the portfolio for an
increase in more basis risk in the portfolio.

As the middle column of Figure [8 shows, the allocation to stocks is relatively
small with a zero correlation between stock returns and the real basis risk, since
the hedging properties of stocks are limited. Yet, this allocation increases with
the correlation pg . between inflation and stocks. The optimal allocation to stocks
converges to pg,ﬂg—g in the limit for o,, — oo. The highest correlation between
inflation and stocks that we consider in Figure |8 is 0.5, which is already quite
large given that the highest correlation in the data (between US CPI and MSCI
World) is 38%. Under this assumption, the highest possible allocation to stocks is
only 10%[™ Hence, to generate higher allocations to stocks we need to relax our
assumption of a zero correlation between the basis risk and other risk factors.

Non-zero correlation between inflation rate and basis risk

We next vary the correlation between basis risk and the inflation process from
pnx = —0.5 to pyr = 0.5 — see Figure [§| Raising the correlation p, . leads to a
higher allocation towards index-linked bonds when real basis risk o, is sufficiently
large. An increase in the share of ILBs reduces inflation risk in the investment
portfolio, but it also injects basis risk into the portfolio. A higher correlation
pnx = 0.5 implies that, for given o,, a larger fraction of the basis risk that is
injected is effectively hedged away.

Based on the allocations in Figure [§] we argue that the correlation between
stock returns and inflation should be at least 0.2 (ps, > 0.2) to align with the
stock allocations obtained in Section [3.2] This exceeds the average correlation
from our data, but is still well within the empirically observed range. Moreover,
the volatility of the real basis risk should be at least 2% (o, > 2%) to match the
portfolio weights allocated to ILBs.

Non-zero correlation between stock return and basis risk

Figure [J) presents the optimal minimum-variance portfolio weights with a posi-
tive correlation between stock returns and the basis risk (pg, = 0.5), while Figure
analogously assumes a negative correlation pg, = —0.5. In Figure [9allocations
towards stocks are lower than before, because the stock returns move in tandem
with the basis risk, making stocks less attractive in diversifying away basis risk.
The opposite is the case in Figure [I0] The combination of ILBs and stocks in the
portfolio becomes more attractive, as stocks are effective in diversifying away basis
risk. This becomes more valuable when the volatility of basis risk rises. Hence,
the portfolio fraction allocated to stocks is increasing in basis risk.

14This is calculated as psﬂrg—g = 0.5%0.025/0.125 = 10%.

o
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Figure 8: Optimal portfolio weights for different volatilities of real basis risk (o),
different correlations between stock returns and inflation (ps,) and different cor-
relations between real basis risk and inflation p,) ,, for a correlation between stock
returns and real basis risk of pg,, = 0. Note: the portfolio weights add up to 100%,
where wy refers to the nominal bond weight, wgr to the index-linked bond weight
and wg to the stock weight.
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Figure 9: Optimal portfolio weights for different volatilities of real basis risk (o),
different correlations between stock returns and inflation (ps,) and different cor-
relations between real basis risk and inflation p,) ,, for a correlation between stock
returns and real basis risk of pg, = 0.5. Note: the portfolio weights add up to
100%, where wy refers to the nominal bond weight, wg to the index-linked bond
weight and wg to the stock weight.
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Figure 10: Optimal portfolio weights for different volatilities of real basis risk
(0,), different correlations between stock returns and inflation (ps ) and different
correlations between real basis risk and inflation p, ., for a correlation between
stock returns and real basis risk of pg, = —0.5. Note: the portfolio weights add
up to 100%, where wy refers to the nominal bond weight, wg to the index-linked
bond weight and wg to the stock weight.
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5.2.2 Replicating portfolio compositions with finite risk aversion

We investigate now to what extent our simple model is able to reproduce the
composition of the optimal portfolios found in Section [4.4] where portfolio perfor-
mance was evaluated over a longer horizon, trading off risk and return based on
a finite value for the constant relative risk aversion parameter v. We proceed as
follows. First, we demonstrate numerically how far we get in attaining portfolio
allocations under the parameter assumptions that we make. Second, we explain
what assumptions would be implied about the model parameters to generate the
portfolio allocations found in Section 4.4} Finally, we discuss to which extent these
parameter assumptions are supported by available empirical evidence.

Attainable portfolio allocations

The composition of the optimal portfolios found in Section for finite risk aver-
sion and a long-term investment horizon indicated that the allocation to stock
indices varied between 19% and 68%, being 43% on average, while the allocation
to the ILBs varied between 2% and 58%, being 41% on average. Hence, overall
these findings point to quite a well diversified optimal portfolios.

Portfolios that are well diversified across all three asset classes arise only for
specific parameter configurations. When pg,, = 0 (F igure, diversification occurs
for high basis risk volatility combined with positive correlations pg, and p, r,
although the allocations towards stocks remain limited. When pg,, = —0.5 (Figure
, diversified portfolios require a non-negligible amount of basis risk volatility
and positive correlations pg, and p, .. Still allocations towards nominal bonds
remain limited. Hence, overall it is not easy to find parameter combinations that
combine substantial allocations towards stocks and index-linked bonds with non-
negligible allocations towards nominal bonds.

5.3 Empirical plausibility of implied parameter assumptions

Bringing the numerical results from our theoretical framework in line with the
portfolios in Section and Section requires assumptions about key parame-
ters, including about basis risk 7 of which the properties are closely related to what
the literature often describes as the inflation risk premium and liquidity premia.

The empirical literature documents a positive link between the level and the
variability of inflation. Using historical international CPI data, [Tsyplakov| (2010)
finds that higher trend inflation is associated with higher longer-horizon inflation
uncertainty. Related work by [Ball et al.| (1990) finds that increases in inflation
tend to raise uncertainty about future inflation. Alesina and Summers) (1993) show
that greater central bank independence is associated with lower average inflation
and, indirectly, with more stable inflation outcomes. These findings support the
view that periods of high inflation are also periods of increased inflation volatility.
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Our data also support the positive link between inflation and inflation variabil-
ity. In Table [L7| we report average inflation and its standard deviation for the full
sample period and four sub-periods of equal length. Average inflation is highest
in the latest sub-period, which also exhibits the highest inflation volatility for all
countries. The third sub-period features the lowest average inflation rate in all
cases. The third sub-period also exhibits the lowest inflation volatility, except for
the U.K.

In asset pricing higher inflation uncertainty would typically have investors de-
mand more compensation for bearing inflation risk. Hence, the positive associa-
tion between inflation and inflation uncertainty would imply a positive correlation
between inflation and the inflation risk premium.

Not much is known empirically about the wvolatility of the inflation risk pre-
mium, although some papers report a standard deviation of the estimated average
inflation risk premium. For example, |Azoulay et al.|(2014) report a standard devi-
ation of 7 basis points and an average risk premium of 25 basis points. Regarding
the volatility of the basis risk (o,), our results suggest it must be at least 2%
to match observed ILB weights. This aligns with the view of Bekaert and Wang
(2010), who find that the inflation risk premium tends to be large and to vary
substantially over time. They argue that measuring the inflation risk premium is
complex because there is little reliable data on expected inflation and real returns.
However, based on the literature estimates of the size the inflation risk premium
vary between 50 and over 200 basis points at the 10-year horizon.

Our data reveal a strictly positive correlation between stock returns and the
inflation rate, averaging 12% and reaching values as high as 34%. Such a posi-
tive correlation is needed to generate a substantial allocation towards stocks. A
substantial body of literature supports this positive relationship. For example,
Lintner (1975) and [Bodie| (1976)) argue theoretically that equities should provide
inflation protection as real assets.

Finally, empirical evidence regarding the correlation between stock returns
and real basis risk remains scarce. Nevertheless, several recent studies establish
inflation risk as a priced factor in financial markets, providing a robust foundation
for our parameter assumptions. |Boons et al.| (2020) find that inflation risk is time-
varying and significantly correlated with stock returns, particularly for equities
with high exposure to inflation shocks. Furthermore, Fang et al.| (2025) argue
that inflation carries a negative risk premium and that stocks exhibit negative
inflation betas. This implies that an increase in the inflation risk premium, which
is a key driver of our basis risk, is associated with higher required stock returns
and, consequently, lower contemporaneous stock returns due to a decline in equity
valuations. |Cieslak and Pflueger| (2023) demonstrate that inflation and inflation
risk are priced across asset classes, including equities. Collectively, these studies
suggest that a negative correlation between stock returns and real basis risk is
empirically plausible.
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Table 17: Mean and standard deviation of annual inflation rates for different
sample periods.

mean (standard deviation) | NL GE UK US
full sample period 2.28 (2.81) 2.10 (2.32) 3.78 (3.00) 2.57 (2.05)
subperiod 1 1.83 (1.11) 2.49 (0.86) 3.79 (0.92) 3.41 (1.29)
subperiod 2 2.47 (0.56) 2.00 (0.46) 4.01 (1.04) 2.02 (1.20)
subperiod 3 1.12 (0.99) 0.78 (0.79) 2.39 (1.24) 1.42 (1.13)
subperiod 4 451 (3.54) 4.04 (3.73) 6.82 (5.44) 4.50 (3.50)

Note: all values are expressed in percentages. The full sample period is from 20-
09-2004 to 18-04-2024. The four subperiods are equal subperiods of the full sample.

6 Conclusion

This paper has investigated the effectiveness of existing financial instruments in
hedging real portfolio returns against inflation, a question of growing relevance
for long-term investors such as pension funds. Using mean-variance frontiers, we
have assessed the hedging effectiveness of nominal bonds, inflation-linked bonds
(ILBs), and equities during the period 2004-2024. We found that it is not possible
to construct portfolios of these asset categories that completely eliminate the effect
of inflation risk on real returns. Introducing realistic market constraints, such as no
borrowing or short-selling, further limits the scope for protecting portfolio returns
against inflation risk. Although ILBs are commonly believed to offer the best
protection against inflation risk, our findings actually show that nominal bond
indices have been a more effective hedge against inflation risk during this period.

The benefits of diversification are confirmed by several sensitivity analyses.
Once we (counterfactually) eliminate the comparative advantage of nominal bonds
in terms of the volatility in their real returns, the minimum-variance portfolio be-
comes more balanced across asset classes. In addition, focusing on the recent
high-inflation period in the aftermath of the Covid-19 crisis creates a more sub-
stantial role for ILBs in hedging inflation risks.

To extend the short-term mean-variance analysis to a long-term investment
setting, we construct optimal portfolios for an investor receiving a variable an-
nuity over a 20-year horizon while allowing for finite risk aversion. The results
show that the optimal portfolio composition depends crucially on the investment
horizon and the degree of risk aversion. Under extreme risk aversion, the opti-
mal allocation is characterized by substantial exposure to both equities and ILBs,
and the associated welfare gains primarily reflect the benefits of adopting a multi-
period perspective. As risk aversion declines, investors increasingly trade off risk
against expected return, leading to higher equity allocations and reduced, but still
meaningful, exposure to ILBs. Across all specifications, the welfare gains rela-
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tive to one-period minimum-variance portfolios are economically large, reflecting
both the value of long-horizon optimization and improved risk-return trade-offs.
Overall, while ILBs play an important role in hedging inflation risk, they do not
dominate optimal portfolios, underscoring both the benefits of diversification and
the limits of inflation hedging.

Finally we develop a simple theoretical framework that helps to clarify our
empirical allocations. We allow for time-varying real basis risk, implying that
investors in inflation-linked bonds face a trade-off between hedging inflation and
being exposed to fluctuations in real basis risk. A substantial allocation towards
nominal bonds as in the one-period minimum-variance portfolios requires substan-
tial uncertainty about basis risk and a not too low correlation between stock re-
turns and basis risk. However, to generate a substantial allocation towards stocks,
as was optimal for our long-horizon portfolios with finite risk aversion, requires a
negative correlation between stock returns and basis risk. Existing evidence sug-
gests that the inflation risk premium can be substantial and vary considerably over
time, which supports the theoretical framework in rationalizing the optimal port-
folio allocations we found. Yet, more research is needed to empirically identify and
quantify basis risk and its correlation with other risk factors. Also, more sophisti-
cated theoretical frameworks may be needed, with the flexibility to simultaneously
rationalize the different optimal portfolios found in our empirical analysis.
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Online Appendix - Not for Publication

A Solving for the optimal portfolio analytically

This section closely follows the discussion of mean-variance frontiers in Gale (2005)).

A.1 Global minimum portfolio

The global minimum-variance portfolio is the solution to the following minimiza-

tion problem:

: 2
min o, = w 2w

w

s.t. W1, = 1.
In order to solve this, we construct the Lagrange function:
L(w,\,) = w'Yw + w1, — 1).

The corresponding first-order conditions are

Oow

OL(w, \) ,

— 2 =u'1,—1=0.
B wl, 0

Then we can derive the global minimum portfolio w,, as follows:

1
1w, = —§A1;2—11n =1

= \=-2(1,2""1,)""
= w, = (1,2711,)7 12711,

A.2 Mean-variance portfolio

(A1)

The mean-variance frontier is built by solving the optimal portfolio problem for
given target expected returns p,. Such a mean-variance frontier portfolio is the

solution of the following minimization problem:
min Jf) =w'Yw
w

s.t. pp =wp and w'l, = 1.

In order to solve this, we construct the Lagrange function:

L(w, A1, A2) = w'Sw + Ay (' p—pp) + Aa(w'l, — 1).
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The corresponding first-order conditions are

L(w, Ay, A
0L 2, do) (“éwl’ 2) 9%+ Apt Aol =0, (A10)
OL(w, A1, A
%:W%—Hm:o (A11)
W — w1, —1=0. (A12)
Then we can derive the mean-variance portfolio w, as follows:
1 1 !
Wy = —§A12‘1u - §A22—11n = —%2—1 (11, (A13)
with \ = { il } . Then we can use Eq.(A13]) to obtain:
2
N 4
pp = pwp == 58 11, (A14)
/
l=1w,= —1;%2—1 (1 1,]. (A15)
We can solve for A:
A= —20"" { “11’ } (A16)

with © defined as the two-by-two matrix:

1271 szlln
6= ( f’z-lﬁi f/E‘lln > (A17)
=[p 1) 27" (1 1] (A18)

which we can then use in Eq.(A13) to obtain the following expression for the
optimal portfolio weights w:

wy =Y 1,]07" { “f’ ] (A19)

A.3 Optimal portfolio terminal wealth problem
The expected return on real wealth (Eq.(26])) and its variance are as follows.

E(dw;/w;) =1 — pix + ws(ps — 1) + (1 = Wr)02 + writy— (A20)

- WSOSO P8 — WROnT Py (A21)
Var(dwy/w;) = weog + (wg — 1)02 + whoo+ (A22)
2wg(wr — 1)osorpsr+ (A23)

- 2WSWROST PS5+ (A24)

2wr(wr — 1)0,0py 7. (A25)
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The first-order conditions of Eq. with respect to wg and wg are, respec-
tively:

0= (us—7)—A—vx*wios + (W — 1A + wiB] (A26)
0=—02+py— C —7yx[(wh — 1)o7 + whop + ws(A+ B) + (2wi — 1)C].
(A27)

We can rewrite these equations as follows.

us—r—A_l_A—w}‘%(A—FB)

wg = o = (A28)
2 2 * *
. pp—02—C o2 —wi(A+B)+(1-2wy)C
Wi = 777(02 oy T = T A (A29)
™ n ™ n

Substituting the expression for wg in the last line and solving gives

(g — 02 = C)og + (A+ B)(A = (us — 1)) (02 +C)og — A(A+ B)
7((02 + 02 +2C)o% — (A + B)?) (02 + 02 1 2C)0% — (A+ B)?
(A30)

*
Wr =

B Constructing nominal and real returns

The nominal returns are in euros, while the real returns are adjusted for the
corresponding CPT inflation and the relevant currency (i.e. euros for NL and GE,
dollars for the US, and pounds for the UK). We perform the following steps to
construct these nominal and real returns:

e For each index, we take the prices in euros. The indices are total return indices
that reinvest coupon and dividend payments.

e The nominal returns in euros are derived by taking the percentage changes in
these euro prices.

e The real returns for Germany and for the Netherlands are derived (i) by dividing
the euro prices by the German CPI and the Dutch CPI, respectively, and (ii)
by taking the percentage changes in these CPI adjusted price indices.

e The real returns for the UK and for the US are derived (i) by converting the
euro prices to pounds and dollars, respectively, (ii) by dividing the resulting
converted prices by, respectively, the UK CPI and the US CPI, and (iii) by
taking the percentage changes in these CPI adjusted price indices.
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C Additional results

C.1 Results for quarterly returns of the sensitivity analysis

Figure and Figure[A2|show the mean-variance frontiers of the sensitivity analy-
sis in Section [3.3] based on quarterly returns. The mean-variance frontiers based on
quarterly returns during the period after the COVID-19 outbreak are not shown,
as our sample data have too few observations. to construct those frontiers.

C.2 Optimal portfolio allocations for the minimum risk port-
folios

The tables Section 3 provide the minimum risk portfolios per asset class. The

corresponding portfolio allocation per index is presented in Table [AT] to Table [A5]

based on real returns with respect to the inflation of the Netherlands, Germany,
the U.K., and the U.S, respectively.

C.3 Estimates of the parameters of the inflation process

Table [14] presents a summary of the estimates of the parameters of the inflation
process. Table [A6] provides more details, by also presenting the coefficients of all
individual lags and the corresponding standard error for the full sample period.
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Figure A1l: Mean-variance frontiers based on quarterly real returns after scaling

the returns to align the volatilities. Note: Real returns are obtained by subtracting
CPI from nominal returns.
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Figure A2: Mean-variance frontiers based on quarterly real returns, also including
real estate (RE) and commodity (comm) indices. Note: allocations are in percent.
Real returns are obtained by subtracting CPI from nominal returns.

o1



Table Al: Portfolio allocations (in %) of the minimum-variance portfolios based
on nominal returns.

monthly quarterly
index ticker  unconstrained constrained unconstrained constrained
SPBDEGIT 40.2 0.1 36.9 0.0
SPBDEFRT 32.9 0.0 37.3 0.0
SPBDEATT -41.2 0.0 -95.1 0.0
SPBDEBET -61.5 0.0 -51.7 0.0
SPBDEFIT 80.0 0.1 87.8 0.0
SPBDEDET 236.5 75.5 194.8 65.1
SPBDENLT -214.7 0.0 -136.3 0.0
SPFIGBT -2.8 0.0 -1.8 0.0
SPUSBMIT 14.1 0.1 1.8 0.0
SPFID4IT 19.1 14.5 23.2 20.1
SPFIGBIT -1.7 0.0 -1.4 0.0
SPBDUI1ST -15.9 0.0 -11.7 0.0
SPBNILT -2.1 0.0 -3.4 0.0
SPFISEI 10.7 5.2 6.8 5.2
SPFIMLUT 1.9 0.3 -25.4 0.0
SPFIMPUT -6.2 0.1 61.2 0.0
SPVIFOU 6.7 0.0 -31.6 0.0
SPXT -7.4 0.0 -7.8 0.0
MSDEWIN 8.0 2.5 10.4 3.6
DJITR 3.5 1.7 6.2 5.8

Note: The upper part contains nominal bond indices, the middle part index-linked
bond indices, and the lower part stock indices.
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Table A2: Portfolio allocations of the minimum-variance portfolios including con-
straints that prevent borrowing and short-selling based on real returns

‘ monthly returns quarterly returns
index ticker | NL. GE UK US|NL GE UK US

SPBDEGIT | 0.0 0.0 0.1 00 | 00 0.0 0.0 0.0
SPBDEFRT | 0.0 0.0 0.0 00 | 00 0.0 0.0 0.0
SPBDEATT | 0.0 0.0 0.0 00 | 00 0.0 00 0.0
SPBDEBET | 0.0 0.0 0.0 00 | 00 0.0 0.0 0.0
SPBDEFIT | 0.1 0.1 01 00| 00 0.0 00 0.0
SPBDEDET | 72.2 73.1 0.2 0.0 | 581 572 0.0 0.0
SPBDENLT | 0.0 0.0 0.0 00 | 00 0.0 0.0 0.0
SPFIGBT 00 00 605 00|00 00 472 0.0
SPUSBMIT | 0.3 0.1 109 929| 0.0 0.0 0.0 856

SPFIDAIT 16.6 154 27 0.0 |226 22.1 17.7 0.0
SPFIGBIT 00 00 00 00 1]00 00 00 00
SpBDU1ST | 0.0 0.0 0.0 00 | 00 0.0 0.0 0.0
SPBNILT 00 00 00 00 1]00 00 00 00
SPFISEI 5.8 64 109 00 | 77 92 08 0.0
SPFIMLUT | 0.1 0.3 00 00 | 00 01 0.0 0.1
SPFIMPUT | 04 0.2 01 00| 01 1.0 6.2 1.0
SPVIFOU 01 01 01 00|37 00 01 14

SPXT 01 00 00 00 ]00 00 00 00
MSDEWIN | 33 24 112 00 | 19 02 87 0.0
DJITR 1.0 17 30 68|57 100 192 11.8

Note: allocations are in percent. Real returns are obtained by subtracting CPI
from nominal returns. The upper part contains nominal bond indices, the middle
part index-linked bond indices, and the lower part stock indices.
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Table A3: Portfolio allocations of the minimum-variance portfolios including con-
straints that prevent borrowing and short-selling, based on real returns after scal-
ing the returns to align the volatilities.

monthly returns quarterly returns
index ticker NL GE UK US ‘ NL GE UK US

SPBDEGIT 0.1 0.1 01 0101 01 00 0.0
SPBDEFRT 00 00 00 01 |01 01 00 0.0
SPBDEATT 00 00 0.0 00 ] 00 0.0 00 0.0
SPBDEBET 00 0.0 00 00 | 00 0.0 0.0 0.0
SPBDEFIT 0.0 0.0 01 00| 00 0.0 00 0.0
SPBDEDET 124 109 0.7 11.6 |27.3 275 94 4.0
SPBDENLT 0.0 0.0 0.0 00 | 00 0.0 0.0 0.0
SPFIGBT 05 09 177 58 | 0.0 0.0 239 0.0
SPUSBMIT 175 172 114 221 | 73 55 0.1 243

SPFIDAIT 149 151 50 01 |01 01 0.0 0.0
SPFIGBIT 71 92 141 29|00 01 00 0.0
SpBDUIST 00 0.0 00 69 | 00 0.0 6.1 126
SPBNILT 1.7 18 16 00|00 00 00 0.0
SPFISEI 95 95 46 01 |143 147 46 39
SPFIMLUT 86 94 6.5 102|126 156 126 14.5
SPFIMPUT 0.0 0.0 00 00| 00 0.0 00 0.0
SPVIFOU 109 99 136 110|104 b7 6.7 8.1

SPXT 03 01 59 101]00 00 00 00
MSDEWIN 105 82 35 0.0 | 176 13.7 238 0.0
DJITR 5.8 7.5 151 278 9.8 168 125 324

Note: Allocations are in percent. Real returns are obtained by subtracting CPI
from nominal returns. The upper part contains nominal bond indices, the middle
part index-linked bond indices, and the lower part stock indices.
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Table A4: Portfolio allocations of the minimum-variance portfolios including con-
straints that prevent borrowing and short-selling, based on real returns also in-
cluding real estate and commodity indices.

monthly returns quarterly returns
index ticker ~NL GE UK US| NL GE UK US

SPBDEGIT 0.1 0.1 02 00| 00 0.0 0.0 0.0
SPBDEFRT 00 0.0 00 00 | 00 0.0 0.0 0.0
SPBDEATT 00 0.0 0.0 00| 00 0.0 00 0.0
SPBDEBET 0.0 0.0 0.0 00 | 00 0.0 0.0 0.0
SPBDEFIT 0.1 0.1 02 00| 00 0.0 00 0.0
SPBDEDET 76.6 781 35 00 | 748 743 0.1 0.0
SPBDENLT 0.0 0.0 0.0 00 | 00 0.0 0.0 0.0
SPFIGBT 00 00 620 0.0 | 00 00 570 0.0
SPUSBMIT 0.2 0.1 101 90.5| 0.0 0.0 09 873

SPFIDAIT 11.7 99 01 00 | 88 80 68 0.0
SPFIGBIT 00 00 00 00 1]00 00 00 00
SspBDU1IST 00 00 00 00 | 00 0.0 00 0.0
SPBNILT 00 00 00 00 1]00 00 00 00
SPFISEI 09 13 11 00} 02 17 00 0.0
SPFIMLUT 00 0.0 0.0 00 | 00 0.0 0.0 0.0
SPFIMPUT 00 0.0 0.0 00 | 00 0.0 0.1 0.0
SPVIFOU 00 00 00 00 1}]22 00 11 00

SPXT 01 00 00 007]00 00 00 00
MSDEWIN 00 0.0 01 00 | 02 0.0 05 0.0
DJITR 03 02 50 10| 25 57 172 25
RNGL 00 00 00 007]00 00 00 00
RMSG 00 00 00 007]00 00 00 00
SX86P 00 00 00 007]00 00 00 00
DJUSRE 00 00 00 007]00 00 00 00

SPGSCITR 21 21 84 58|61 63 79 86
BCOMTR 06 02 66 02|45 16 03 1.5
DJCIT 72 78 26 23|05 21 81 0.0

Note: allocations are in percent. Real returns are obtained by subtracting CPI
from nominal returns. The first part contains nominal bond indices, the second
part index-linked bond indices, the third part stock indices, the fourth part real
estate indices and the fifth part commodity indices.
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Table A5: Portfolio allocations of the minimum-variance portfolios including con-
straints that prevent borrowing and short-selling, based on real returns over the
post COVID-19 period.

monthly returns quarterly returns
index ticker  NL GE UK US| NL GE UK US

SPBDEGIT 0.1 0.1 00 00 | 00 0.0 0.0 0.0
SPBDEFRT 0.0 0.0 0.0 00 | 00 0.0 0.0 0.0
SPBDEATT 00 00 00 00 ] 00 0.0 00 0.0
SPBDEBET 0.0 0.0 0.0 00 | 00 0.0 0.0 0.0
SPBDEFIT 00 0.0 0.0 00 | 00 0.0 0.0 0.0
SPBDEDET 33 113 81 00 | 00 0.0 0.0 0.0
SPBDENLT 0.0 0.0 0.0 00 | 00 0.0 0.0 0.0
SPFIGBT 00 00 00 007]00 00 00 00
SPUSBMIT  53.7 50.7 435 974|284 171 6.7 748

SPFIDAIT 129 57 224 0.0 |31.1 114 422 0.0
SPFIGBIT 00 00 00 00 1]00 00 00 00
spBDU1ST 0.0 0.0 0.0 00 | 00 0.0 0.0 08
SPBNILT 00 00 00 00 1]51 &7 00 00
SPFISEI 176 184 196 0.0 | 82 151 0.0 0.0
SPFIMLUT 124 136 6.1 25 |18.6 27.7 28.0 0.0
SPFIMPUT 0.0 0.0 00 00| 01 0.0 00 26
SPVIFOU 00 00 00 00} 00 00 00 204

SPXT 00 00 00 007]00 00 00 00
MSDEWIN 00 0.0 0.0 00 | 00 0.0 00 0.0
DJITR 00 00 00 00| 84 199 229 14

Notes: allocations are in percent. The real returns are obtained by subtracting
CPI from the nominal returns. The sample period is 01-03-2020 to 18-04-2024.
The upper part contains nominal bond indices, the middle part index-linked bond
indices, and the lower part stock indices.
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Table A6: Estimates of the parameters of the inflation process.

monthly (6 = 55) | NL GE UK US
Gy 0.07  (0.04) | 0.04 (0.03) | 0.06 (0.04) | 0.07 (0.03)
& 67.96  (5.76) | 46.41 (4.84) | 40.75 (5.72) | 90.95 (5.16)
Gy 3419 (9.86) | -19.01  (7.91) | 3.50  (6.69) | -44.79  (6.26)
G 0.33  (11.49) | 16.77 (7.78) | 5.54  (6.69) | 12.83 (9.14)
Gy -1.68  (8.21) | -3.40 (10.48) | 9.99  (7.70) | 10.72 (10.79)
G 9.31  (6.96) | -2.38 (11.12) | -3.19  (7.46) | -14.14 (12.19)
dig -3.04  (6.01) | 25.53 (8.88) | 25.80 (8.19) | 10.99 (10.95)
br7 1511 (7.96) | -3.54 (7.65) |-11.04 (6.74) | -0.75  (9.33)
G -16.41  (7.61) | -2.56  (7.72) | -8.51  (6.44) | 1.57 (10.44)
Gy 316 (7.33) | -15.53 (7.02) |-10.19 (7.62) | -2.85 (10.14)
Gr1o 766 (10.00) | 4.77  (8.15) | 447 (8.15) | 7.21  (9.29)
an 0.93  (9.10) | 919  (9.64) | -9.92 (5.81) | 11.00 (7.46)
(i1 18.06 (8.05) | 25.72 (6.16) | 32.73  (5.86) | -17.16 (5.83)
S G 65.33 81.99 79.93 65.58
fix 0.20 0.20 0.28 0.21
Gr 0.34 0.26 0.31 0.20
R? 45.95 49.03 41.42 52.89
quarterly (6 = 1) ‘ NL GE UK US
Gy 023 (0.12) | 0.16 (0.11) | 0.30  (0.18) | 0.40  (0.19)
& 38.60 (8.93) | 17.56 (11.74) | 43.58 (13.83) | 28.79 (10.29)
Gy -21.68 (10.25) | 32.06 (11.98) | 24.95 (11.38) | -1.58 (11.89)
G 25.39  (12.41) | -14.98 (10.63) | -25.70 (16.47) | 12.85 (17.12)
Gy 19.41  (11.27) | 39.25 (12.50) | 23.03 (14.11) | -2.28 (17.57)
S 61.72 73.88 65.86 37.79
fix 0.61 0.62 0.88 0.64
G 0.70 0.65 0.77 0.72
R? 25.36 37.43 33.77 9.94

Note: all values are multiplied by 100. The sample period is 20-09-2004 to 18-
04-2024. The parameter estimates are from the following inflation process: m =
oz0+2f:1 Ty +0rExs. The estimated long run mean is given by: i, = &0

1->0 &
The monthly data assumes order p = 12 and the quarterly data assumes order
p=4.
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