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Abstract

We model a three-pillar pension system and analyse in this context the impact of
exogenous shocks on an open economy, using an overlapping generations model where
individuals live for two periods. The three-pillar pension system consists of (1) a PAYG
pension system, (2) a defined benefit pension fund, and (3) private savings. The economy
is exposed to an ageing trend, inflation and a stock market crash. We show that in the
three-pillar pension system the impact of these shocks on the economy is mitigated when
compared to a two- pillar system, since each shock has a different impact on the three
pillars. In order to illustrate the working of the model with respect to the impact of these
shocks, both in magnitude and the development over time, we provide simulation results
for the Netherlands.
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1. Introduction

In order to elaborate the distinct functions that pensions have in a macro- and
microeconomic context, the World Bank (1994) has introduced a three-pillar system to
classify existing pension systems. In a macroeconomic context it is widely recognised
that first pillar state pensions, financed on a pay-as-you-go basis, help in providing basic
old-age benefits and are not very vulnerable to inflation. However, the second and third
pillars, financed by collective and individual savings, respectively, supposedly provide a
better solution in an ageing society, but are susceptible to inflationary and asset price

developments.

In this paper we analyse how the three pillars relate to different exogenous (economic)
shocks. Indeed, the current financial crisis has affected second and third pillar pensions
markedly, triggering a discussion on the viability of the three pillars under different
economic circumstances. Some have argued that the design of the pillars should be
changed as to allow one pillar to act as a stabilising element when other pillars are
affected by shocks, as these shocks have a distinct bearing on the pillars concerned (De

Kam, et al., 2007).

Literature is rather abundant with respect to the analysis of shocks in a two-pillar pension
system defined by a two-pillar with PAYG pensions and private savings. Most analyses
use an OLG model in a closed economy context, although Henin and Weitzenblum (2005)
assess the macroeconomic and welfare effects of pension reforms in an open economy.
For instance, Deger (2008) investigates the effect of a replacement ratio shock, Fanti and
Gori (2008) study the effects of increasing longevity and Heer and Irmen (2009)
elaborate the effects of a declining labor force on economic growth, pensions and welfare
for the US in an economy where the production technology is endogenous. Rahman
(2008) analyses implications of demographic uncertainty under a two-pillar system with
PAYG pensions and personal savings and a two-pillar system consisting of fully-funded
pensions and personal savings in the context of a closed economy. Groezen, Meijdam and

Verbon (2007) investigate the impact of reducing benefits of a PAYG-scheme and ageing



in a two-sector (commodity and service) economy. Kemmerling and Neugart (2009)

analyse the influence of financial market lobbies on pension policies.

In this paper, on the contrary, we analyse the impacts of shocks under a three-pillar
pension system. The aim of our paper is to demonstrate the advantage of risk
diversification under a three-pillar pension system in response to exogenous shocks,
when compared to a one-pillar or two-pillar pension system. Our focus is quite different

compared to the previous literature on three-pillar systems.

Draper, Knaap and Westerhout (2003) develop the GAMMA model with a three-pillar
pension system, which reflects the situation of the Netherlands quite well but is too
complex to derive tractable solutions. Their aim is to evaluate the effects of four shocks
(a decrease in interest rate, a decline in wage growth, a stock market crash and an
increase in life expectancy) on the welfare of different generations under different types
of funded pension systems. Draper and Armstrong (2007) use the GAMMA model for
projections and simulations of the outcomes of demographic shocks, tax system reform
and pension system reform under a three-pillar pension system in an open economy. In a
similar vein Benkovskis (2006) models the effect of increasing the fully funded pillar’s
share and the retirement age on Latvian total saving and their components in a small open
economy. Verbic (2007) analyses the welfare effects and macroeconomic effects of an
increase in the age of retirement and a lower level of ambition with respect to the
indexation of pensions to wages using the SIOLG 2.0 model (a dynamic overlapping-

generations general equilibrium model of the Slovenian economy).

Bovenberg and Uhlig (2006) use an OLG model to derive the social planner’s solution to
optimal intergenerational risk sharing and redistribution between old, young and future
generations. In a decentralised economy they do not present an analytical solution of
consumption and savings, but explore how to use lump-sum transfers to realise the social
planner’s solution. A model which is similar to our model is presented in Beetsma and
Bovenberg (2009), albeit in a closed economy context. They only analyse a two-period
model and their analysis finishes with the second young generation. As a consequence the

second young generation bears very high costs in a defined benefit system, which biases



their analysis against that system. Moreover, their model does not allow for continuous
time simulations. Bonenkamp and Westerhout (2010) adopt a relatively simple OLG
model to derive analytically that the welfare gains from intergenerational risk sharing
dominate the welfare losses from the labor market distortions arising from collectively
funded pension schemes. As their focus is on the advantage of collectively funded
pension schemes, they do not consider the public PAYG pension scheme in their model.
Broer (2010) mentions that the PAYG pension scheme and funded pension scheme
expose individuals to different kind of risks. His paper merely focuses on the

distributions of these risks and how the pension fund returns are associated with the risks.

The paper is organised as follows. In Section 2 our model of an open economy,
consisting of two overlapping generations with a three-pillar pension system, is presented.
Section 3 presents the steady state solution of the model and analyses the impact of
different exogenous shocks. In particular, the impact of a shock in returns on financial
assets (bonds and equity) is considered, as well as a change in the participation rate, the
actual inflation rate, population growth, the survival rate and the impact of the division of
the contribution to the pension fund between the firms and the workers. Section 4
presents a calibration of the model, based on data for The Netherlands. Moreover, the
impact of three shocks is simulated, i.e. a demographic shock, an inflation shock as well

as a drop in equity return comparable to the 2008 financial crisis. Section 5 concludes.

2. The model

The model consists of firms, consumers in two overlapping generations, a public sector
and a pension fund. Firms operate under full competition and maximise profits. The
inputs are labour and capital. The return on capital is exogenously given, assuming a
small open economy. The wage costs are the sum of the wage received by the workers

and the pension contribution paid by the firm.

Consumers live two periods. In the first period, individuals supply labour and earn a

wage income at an exogenous participation rate. In the second period, only part of the



individuals survive. The survivors are retired and receive pensions from the public sector
(first pillar) and the pension fund (second pillar). Consumers aim to maximise their
lifetime utility by choosing savings in the first period (third pillar). They invest their

savings in bonds only.?

The public sector taxes the workers in order to pay public pensions proportional to the

current wage rate to all retired individuals. The public pension scheme is of the PAYG

type.

The pension fund receives contributions from the firms and the workers, and pays
pensions proportional to the previous wage rate to the retired workers. The pension fund
invests in equities and the workers are obliged to participate in the fund. Since we assume
defined benefits," the pension benefits are not directly related to asset market rates of
return; shocks to the pension wealth are absorbed by the contribution rate (except under

extreme situations).
2.1 Firms

Firms use labour L, and capital K, to produce output Y,, according to a Cobb-Douglas

production function:

Y, =AKL™ Q)

Here A, measures the productivity level, which grows at a rate g .

3 Claessen (2010) shows that over the period 2006 — 2009 households invested their wealth in equal
proportions in savings accounts and assets. Assuming assets to be distributed over bonds and equity
proportionally, this shows a heavy bias of households towards risk-free investments. To emphasize the
distinction between pension funds and households (and to simplify the analysis) we assume that pension
funds invest their assets in equity, although the actual division is in equal proportions between equity and
bonds.

* DNB (2010) published results from their household survey which show that a large majority of workers in
the Netherlands is willing to pay “considerably higher pension contribution rates” in order to maintain
defined beneifits.



Firm behaviour is based on profit maximisation. This yields:

wi=w,(+pc")=1-a)AK L"“ (2)

=KL 3

Real wage cost w, consist of the real wage w,, received by the workers, and the share g

(0< B <1)of the real pension contribution 7z, which is paid by the employer. We
assume a small open economy, which implies that the real rate of capital return is
determined on the world market — hence 7" is given. Finally employment L, is equal to
the exogenous participation of the young individuals, pN, — we elaborate the latter

below.

Equations (2) and (3) can be combined to yield an expression of the capital stock and the

wage rate in terms of exogenous variables:

1
a JE—

K,=(A —)"“pN, 4)
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2.2 Consumers

We assume an overlapping generation model with two generations: young and old. There

are N, young individuals, who participate in the labour market at a rate p(0< p <1).
The growth rate of N, isn . All participating young individuals earn a real wage
income w,, from which they contribute to the public sector benefits and the pension fund

at rates 7° and (1- )z, respectively. Net income then is spent on consumption and

savings. The savings are invested in bonds.



Only a fraction € of young individuals survives to the next period. During that period the
individuals are old and at the end of that period they die. An increase in the fraction &
can be used to mimic the process of ageing. When old, the individuals do not work, but

. . . . . 3
receive a public pension7? and a pension#” from the pension fund.” Moreover, they use

the returns on their savings, as well as the savings themselves, to finance consumption in
retirement. The individuals therefore face the following real budget constraints in their

two periods of life:

C[y =[1_T[g _(l_ﬁ)rtp]ptwt -5, (6)
, 1+A4,
cH—l = St ] St +77f+1 +77£1 (7)

Here ¢/ (c},,)is the consumption of the young (old) and s, is savings. The bonds earn an

. 1+ +7x¢ .
expected real return ﬂt , with 1+ 4, = %()”’) Here r," 1s the real return on bonds,
+ T,

7/ is the expected inflation rate and 7z, is the actual inflation rate. Because only a fraction

¢ of individuals survives to the next period, the assets of those who decease fall to

. . : .1+ 4
surviving contemporaries. The total real return on savings then is -1.
€

The pension from the pension fund is a fraction &” of the past wage. It should also be

corrected for the participation rate in the young period, to allow for consumption by all
old consumers (including those who did not fully participate when young). Moreover, the

pension fund fully compensates the effect of inflation on the pension. Thus we find:
ﬂr]j—l = gp pW, (8)

The public pension is a fraction &¢ of the current wage (in order to relate it to the wage in
the previous period we use the fact that the real wage grows with productivity growth g),

hence:

> Actually, only those who have worked when young receive a pension, but in our aggregate analysis we
take that into account by including the participation rate in equation (8) below.

7



77;11 = ggwtﬂ = gng (1 + g) (9)

Given the budget constraints (6) and (7), the individuals maximise their expected lifetime

utility represented by
yy\1-6 o \1-6
EU, = (jf )9 ¥ (clf“ )9 (10)

where ¥ measures the rate of time preference of the individual and 1/6>0is the

elasticity of intertemporal substitution. Maximising equation (10) subject to the budget

constraints results in the following first-order condition

o

1
S [y (4 4,1 (1n)

Combing equations (6) and (7) with equation (11) gives the following individual

consumption and saving functions:

¢ =Aw, (12)
cla = YA+, Aw, (13)
S, ={[1_ng —(l—ﬁ)TIP]p—AI}Wt (14)

and the wage rate is given

Where A, = (1+4.)01-7 —(1—,3)7,"1]19+8[§”p+§g(1+ )l

e(y(+4,))° +(1+4,)

by equation (5).



2.3 The public sector

The public sector receives taxes from the workers for paying the pension benefits 7%, to

the retirees according to equation (9). The pension scheme is of a pay-as-you-go nature.

Hence, the real budget constraint of the public sector is given by:

577f+1 =T§+1(1+n)pwz+1 (15)
Substituting equation (9) then yields:
ek
= (16)

(I+n)p

This shows that the contribution rate of the PAYG system decreases with increases in
population growth and the participation rate, whereas it increases with ageing and a

higher benefit.

2.4  The pension fund

The pension fund has real financial wealth W,” at the start of a period, it receives

contributions z”pw, from firms and workers and pays pension benefits 77" to retirees

according to equation (8). The fund invests all its assets in equity which yield an expected

, 1+r)(A+ 7, : :
real return g, , with 1+ 4, =M. The real return on equity r° includes
+ 7,

anticipated price changes of equity, corrected for inflation.

Thus the pension fund real wealth accumulates according to:

Wp = (1+:ut+1)(Vth +TtpthWt _8Nt—177tp) (17)

t+1



The pension fund wants to equal its wealth to its liability — the latter equals &N, 7/ in the

steady state. The pension fund will adjust its contribution rate when the accumulated
wealth does not meet its target value, such that the wealth accumulation is back to its

target value in 1/ ¢ years. Hence:

‘/Vrfl = gNrﬂrpH - ¢)(‘/Vrp - gNtfln;p) (18)
In the steady state, where the pension fund meets its liabilities, we have
v‘/tp = gNtflntp (19)

Assuming that in that situation expected inflation also equals actual inflation we find for

the pension fund contribution rate z” from equations (8), (17) and (19):

)4
= (20)
1+r

Equation (20) shows that in the steady state the contribution rate decreases with higher

returns on equity and increases with ageing and a higher benefit.

In a situation where the pension fund does not meet its liabilities, we find combining

equations (17) and (18):

_aNmL A+ u, + W, —eN, 1)
(+4)N,p,w,

Z—P

t

3y

This converges to the steady state contribution rate (20) when the pension fund meets its

liabilities and expected inflation also equals actual inflation.

10



An interesting question arises when the equity return is risky, as it obviously is in reality,

with an expected variance of 0. The expected value of the equity return £, is not
affected, but because (W,” —&N,_n/) depends on the actual equity return, 7 is

stochastic now. As a consequence one can derive from equation (21) that the variance of

7/ equals

I+u+o

Var(t?) =
= N

I*Var(W?’) =

I+u+
[#]2 (mfl + Ttlith—l pt—lwt—l - gjv[_zntp_l )2 0-2
A+ )N, p,w, o

It is obvious that the larger the variance of the equity return, the higher the variance

of 7/ will be.

2.5 The complete model

The complete model is given by equations (5), (12) — (14), (16) and in the steady state
equation (20). Assuming the steady state, we also have 4, =r". When we assume all rates
of return, as well as the participation rate, to be constant over time, the model can be
solved in a straightforward way. We elaborate this in the steady state solution in Section
3. This also allows us to analyse the impact of shocks to the economy in a comparative
static context. To consider the properties of the model during the transition period in
response to shocks we have to resort to simulations, since the dynamics of the model then

become intractable analytically. The simulation results are presented in Section 4.
3. The steady state

In Section 3.1 we solve the model for the steady state. In the steady state, actual inflation

equals expected inflation and the financial wealth of the pension fund is equal to its

11



liabilities in every period. In Section 3.2 we investigate the comparative statics properties

of the model by analysing the impact of exogenous shocks on the steady state solution.

3.1 The steady state solution
From the presentation of the model in the previous section it follows directly that the

steady state is characterised by the following equations:6

¢’ =Aw (23)
¢’ =[yd+r")]° Aw (24)
s={ll-7* ==’ 1p-A}w (25)

Where A = (+r)=7f =(A=P)r"Ip+el&"p+&F (1 +9)]

elyA+r)° +(1+r")

Lo L
— _ l-a (___ \1-« 26
w= (=A™ () T (26)
oo & 27)
(I+n)p
Th = ggpe
1+r (28)

The variables on the left-hand side of equations (23) — (28) are the endogenous variables

and the other variables r”,r,r*and p are exogenous.

From equations (27) and (28) one sees that the “return” on the PAYG contributions is
given by (29a),” while in a normal situation the “return” on the pension contributions is
given by equation (29b). Finally we know from the discussion on consumer behaviour

that the return on savings is given by (29c¢):

® We omit the time subscript of each variable, since it is not relevant in the steady-state.

7 Individuals pay 7°Win the young period and receive 5 fw(l+ g)in the old period. Therefore, the return
on the PAYG contributions is given by equation (29a)

12
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£ w(gl+g)_1:(1+n)(1+g)l?_1 (29a)
5w £
» 1+7r°
&M (29b)
z? E
1+
1 (29¢)
E

The return on pension funds therefore is larger than that on public pensions as long as
1+7°>(1+n)(1+g)p, and it exceeds that on private savings as long as r° >r". By

having a pension system which consists of three pillars, the pension is essentially spread
over a portfolio with different rates of return, as equation (29) illustrates. One hedges
against inflation and asset price risk by using a PAYG system; one hedges against
demographic risk by using a pension fund, and one allows for individual risk preferences
by using private savings next to a pension fund.® Therefore the three-pillar system
mitigates the impact of different types of shocks. We elaborate that point in the next
section where we present simulation results. But first we analyse the impact of different

types of shocks in the steady state.
3.2 The impact of exogenous shocks on the steady state

The impact of shocks to pension benefits, returns of bonds and equity, the inflation rate,
the participation rate, the survival rate and population growth on the endogenous
variables of the model is summarised in Table 1.” In order to compare our findings to the
results from other literature, we discuss here the impact of a change in benefits for both
the defined benefit and the PAYG scheme. We elaborate on some more findings when we

discuss the simulation results presented in the next section.

The results of Table 1 indicate that in our model a decrease of the public pension benefits
leads to a lower PAYG-tax rate, while the pension contribution rate does not change. The

decrease of the benefits increases savings, which illustrates the substitutability of savings

¥ One might argue that actually the pension fund should be the safe investor, and private pensions then
should allow for more risk-taking behaviour (Muysken, 2010), but that does not represent the current
situation.

°In the appendix section 1 the derivations and resulting conditions underlying Table 1 are presented.
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for pensions. The response of consumption of both generations depends on whether
(1+7r")>(1+ g)(1+n), or not. The reason is that the lifetime income, out of which
consumption in both periods is financed, increases when the return on savings (1+7")is
higher than the return on the public pension contribution (1+ g)(1+n) — compare

equations (29a) and (290).lO In that case a decrease of the public pension leads to an

increase of consumption of both generations.

Table 1 The impact of exogenous shocks on the economy
Contribution rates Consumption Savings
PAYG Pension | Young Old
T T’ c’ c’ s

PAYG benefits &s + 0 ¥ i -
Pension benefits Er 0 + ok ok -
Employer contrib. | S 0 0 ? ? ?
Inflation z=x¢ 1|0 0 0 0 0

r#x¢ |0 + ? - -
Bonds returns rb 0 0 ok ok ek
Equity returns re 0 - + + +
Productivity 8 0 0 + + +
Participation rate P - 0 + + +
Population growth | n - 0 + + +
Survival rate £ + + - - -
* A sufficient condition is (1+77)>(1+ g)1+n)

- A b
oo A sufficient condition is ———— < (1 + r 7))
- p
. |

o A sufficient conditionis — > 1

!9 Because the participation rate is D , the return on the public pension contribution should be divided
by p.
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This outcome of our model is consistent with the conclusions of a study of national
savings by Edwards (1996), who used a panel of 36 OECD, Latin American and East
Asian countries (but excluding the USA and UK) and of Kemmerling and Neugart (2009),
Henin and Weitzenblum (2005). In all cases private savings were negatively related to
social security spending. On the other hand, Groezen, Meijdam and Verbon (2007)
concluded that a decrease of the public pension decreases consumption in both periods.
However, they analysed a closed two-sector economy with factor prices determined by
the capital-labor ratio. In that context, a lower PAYG-tax rate caused by a decrease of the
public pension implies a lower rate of return to savings and more expensive services
when retired. Thus individuals have a strong incentive to save more to smooth
consumptions in both periods. As a result, they increase savings more than the rise of net
wage, so that consumptions in both periods decrease eventually. Verbic (2007) found

similar results as our results when simulating the SIOLG 2.0 model.

From Table 1 one also sees that in our model a decrease of the benefits from the pension
fund causes a lower pension contribution rate, while the PAYG-tax rate is not affected.
Again the decrease of the benefits increases savings, which illustrates the substitutability
of savings for pension benefits. This result is the same as in Draper and Armstrong
(2007), in which they simulated the effect of a “smaller” (i.e. les benevolent) pension
scheme. Also in accordance with their findings, the response of the consumption of both

e

1+r

generations is ambiguous. If -

<(1+r") the response of consumption of both

generations is negative. The reason is that the lifetime income, out of which consumption

in both periods is financed, decreases when the return on savings (1+r”)is higher than

e

the return on the pension contributions < (1+r")— compare equations (29b) and
p p q

(29¢)."" In this case a decrease of the pension fund pension leads to an increase of

consumption of both generations.

" Individuals only pay part of the pension contribution rate so the return on the pension contribution rate
should be divided by (1— f) .
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Table 1 reflects that the productivity does not affect the PAYG-tax rate and the pension
contribution rate. This result is similar to the conclusion in Beetsma and Bovenberg
(2009). They conclude that with a PAYG system and a funded defined real benefit
system or a defined wage benefit system the optimal PAYG contribution rate does not
depend on the parameter of productivity. According to Table 1 an increase in productivity
has positive effects on both consumption and savings. When productivity grows, the
wage increases. Therefore, the lifetime income, out of which consumption and savings
are financed, increases. Beetsma and Bovenberg (2009) did not discuss the impact of

productivity growth on consumption and savings.

4. Simulations

In this section we use simulations to analyse the dynamics of the model. We focus on
three shocks —an ageing population, inflation and a stock market crash — which represent
current economic (potential) problems. An interesting aspect of these shocks is that they
demonstrate the relative strengths and weaknesses of both pension systems. As we
already mentioned in the introduction, first pillar state pensions, financed on a pay-as-
you-go basis, help in providing basic old-age benefits and are not very vulnerable to
inflation —see also equation (29a). However, the second and third pillars, financed by
collective and individual savings, respectively, supposedly provide a better solution in an
ageing society, but are susceptible to financial developments — see also equations (29b)

and (29c¢), respectively.

We discuss the simulation results below, but first we present the baseline simulation in
Section 4.1, based on parameter values which reflect the current state of the Dutch
economy. In Section 4.2 we then present the simulation results of an ageing population.
The simulation of an increase in the inflation rate are analysed in Section 4.3. Finally we
discuss the impact of a shock in the stock market in Section 4.4 and pay separate

attention to the impact of increased equity risk in section 4.5.

16



4.1 The base-line simulation

For simulation purposes we cannot use the model (21) — (26), which we used in the
previous section to derive the steady state results for two reasons. First, since we want to
analyse the dynamics after a shock we cannot assume that the pension fund always meets
its liabilities. Hence the pension contribution rate will fluctuate to satisfy wealth
adjustment of the pension fund according to equation (21). Second, the model we used
above is a discrete two-period model of which periods stretch over many years; say
young persons live 40 years and old persons live 20 years. The dynamics after a shock
require, however, that we use a continuous time model which allows us to simulate on a
year-by-year basis. For that reason we have used in the simulations a continuous time
version of the model developed in section 2 with a variable pension contribution rate.

This model is presented in the Appendix to section 2.

Most parameter values for the simulations are taken from the GAMMA model (CPB,
2007), which has been developed by the Central Planning Bureau to reflect the situation
in the Netherlands. The output elasticity of capital stems from Groezen, Meijdam and
Verbon (2007), while the initial productivity, for reasons of simplicity, is chosen equal to
unity. The real rate of return to capital is taken as the average of the corresponding rates
of returns on bonds and equity. The ratio of the number of young to the number of old
persons is around 2 for the Netherlands. The PAYG and the pension fund benefits, as
well as the part of the pension contribution paid by the firm, are chosen to reflect the

Dutch situation. The resulting parameter values are presented in Table 2.

Using the values of the parameters from Table 2 we have calculated the steady state
values of the variables of our continuous time model. The resulting values of the PAYG
tax rate, the pension contribution rate, the consumption of the young and the old and the
savings are presented in Table 3, where all values are expressed as a proportion of the
wage the workers receive. Mind that the pension contribution rate is the total value paid
by the worker and the firm. The workers, in our model, only need to pay % of the total
pension contribution rate. The resulting contribution rates of 15% for PAYG pensions

and 12.68% for the pension funds are plausible (Bonenkamp et al., 2010). Both the

17



Table 2 The parameters values used in the simulations

Intertemporal substitution elasticity (1/6)* 0.5
Time preference ( p )*12 1.3%
Ratio of old to young** 0.5
Population growth rate (7) 0
Participation rate (p )" 78%
Initial productivity (A) 1
Real productivity growth rate (g )" 1.7%
Output elasticity of capital (&) 0.3
Real return on bonds ()’ 2%
Real return on equity (r° ) 3.5%
Real return on capital (*) 2.75%
Inflation rate (7 )" 2%
PAYG benefit (&* )** 30%
Pension fund benefit (£7) ** 50%
The part of the pension contribution rate paid by the firm (5) 0.75

’ Source CPB (2007)
**Source Bonenkamp et al. (2010)

consumption and the savings of the young reflect the average of the young generation.

The consumption of the old reflects the average of the old generation.

'2 The rate of time preference of 1.3% implies that the discount factor ¥ for different years equals

25
% +0 013; with 25 <1 <85, since individuals enter the economy at the age of 25 and die at 85.

18



Table 3 Steady-state values of the variables, relative to wage

T8 T’ c’ c’ S
(PAYG tax (pension contri- (consumption of | (consumption of | (savings)
rate) bution rate) young) old)

0.15 0.1268 0.7725 0.6961 0.0545

4.2 The ageing population

A disadvantage of a PAYG system (first pillar), as compared to pension benefits funded
by collective and private savings (second and third pillars, respectively), is that the first
pillar is more vulnerable to the ageing problem — see also equation (29a). Since this
problem is hotly debated in many countries, we want to evaluate this point using our

model.

In our model ageing leads to a higher PAYG-tax rate as more old persons require the
public sector to pay benefits. The higher tax rate leads to a lower lifetime income and
hence has a negative impact on consumption of both generations and on savings with
sensible values of parameters. Martins et al. (2005) concluded that the evolving
population structure could have a strong negative impact on household savings, partly
depending on the generosity and coverage of social systems — see also Masson and Tryon

(1990). Both findings support our conclusion.

In our simulation we increase the ratio of the old to the young persons from 0.5 to 0.6
over 5 years. Period 1 represents the initial steady state situation, whereas the ratio starts
to increase in period 2. In Figures 1 — 4 we present the reactions of the pension
contribution rate, consumption of the young, consumption of the old and savings,
respectively. All variables are expressed as a fraction of the wage received when young.
We compare the results of a simulation of a system with and without a pension fund

(second pillar), to show the impact of a PAYG scheme versus a funded scheme. In the
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situation without a pension fund, individuals do not pay pension contributions and

receive the 80% of the wage they earned from the PAYG scheme when old.

From Figure 1 one sees that in the baseline scenario the tax rate increases in line with the
ratio of old to young, as predicted by our model, while consumption of both generations
falls as can be seen in Figures 2 and 3."° The absence of a pension fund, however,
requires a much higher tax rate from the PAYG system. And savings improve gradually
because of the lower consumption in the young period — see Figure 4. The reason is that
the return on the pension contributions is higher than the return on the PAYG tax rate,
compare equations (29b) and (29a), respectively. As a consequence the responses of

consumption and savings are also larger in the case without the pension fund.

Figure 1 The adjustment path of Figure 2 The adjustment path of
the PAYG-tax rate consumption of young

PAYG fraie

Figure 3 The adjustment path of Figure 4 The adjustment path of
consumption of old savings
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" The steady state values of consumption of young and old and of savings are different under both schemes,

because in the base-line scenario we have £° =0,03and &7 =0,05, whereas under the alternative

scheme we have f # =0,08. Therefore the levels of consumption and savings under both schemes are

different too. We correct for that by normalising the steady state levels of the alternative scheme to the
level of the base line scenario.
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According to the figures, we can conclude that the consumption of the young decreases
by 2% gradually and the consumption of the old decreases by 1% gradually in the system
with a pension fund. Bovenberg and Uhlig (2006) present similar results. They find a
decrease in consumption of the young varying from 0.85% to 7.95% with different values
of parameters when longevity increases. Bonenkamp and Van de Ven (2006) find a
decrease in the welfare of the young of 0.95% and a decrease in the welfare of the old

varying from 0.03% to 2.6%, depending on the types of the pension scheme.'

43 An increase in the inflation rate

A frequently mentioned advantage of a PAYG system, is that pensions funded by
collective and private savings are much more sensitive to inflation. This can be seen from
equation (29), where a shock in expected inflation will influence the returns on bonds and
equity — see equations (29b) and (29c), respectively. We want to evaluate this point using
our model, in particular since inflation might be a serious threat in the aftermath of the
financial crisis. For that reason we model an unexpected increase in inflation to 4%, from

its initial level of 2%, while expected inflation gradually adjusts to 4% in 3 periods.

Figure 5 The adjustment path of Figure 6 The adjustment path of
the pension contribution rate consumption of young
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013} ~

' Armstrong, Draper, Nibbelink and Westerhout (2007) suggest that private consumption increases from
EUR 45.8 billion to EUR 55.1 billion when the old-age dependency ratio increases from 25% to 45%, and
similar results are found in Draper and Armstrong (2007). This increase in the private consumption is
because of the higher proportion of retirees in population who consume more than they produce and
because of fiscal arrangements such as the PAYG tax rate. Because of the strong growth of public pensions,
government debt increases from 56.1% GDP to 211% GDP. In our analysis the negative effect of ageing is
born by the individuals as to prevent increasing government debt. As a consequence consumption decreases.
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Figure 7 The adjustment path of Figure 8 The adjustment path of
consumption of old saving
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As we indicate in Table 1, anticipated changes in the inflation rate do not affect the
pension contribution rate, the PAYG-tax rate, consumption of both generations and
savings in the steady state in our model. The reason is that the nominal returns on bonds
and equity compensate the effect of inflation as long as expected inflation equals actual
inflation. However, if expected inflation is unequal to actual inflation after a shock, the
actual inflation rate will affect almost all variables in the model. Only the PAYG-tax rate
does not respond to inflation because the public sector collects the taxes to pay for the
public pensions in the same period — see also equation (29a). However, the increase in
inflation rate leads to an increase of the pension contribution rate, since the real return on

equity will fall — see equation (29b).

In our simulations we consider both the base-line situation with a PAYG pillar, and a
situation without a PAYG pillar, to show the impact of a PAYG scheme versus a funded
scheme. In the situation without PAYG benefits individuals do not pay the PAYG-tax
rate and receive 80% of the wage they earned from the pension fund when old. In Figures
5, 6, 7 and 8 we present the reactions of the pension contribution rate, consumption of the
young, consumption of the old and savings, respectively. All variables are expressed as a
fraction of wage received when young. Period 1 represents the initial steady state
situation. Inflation increases to 4% in period 2 and remains at that level, while expected

inflation catches up gradually and reaches 4% from period 5 onwards.
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From Figure 5 one sees that the inflation shock indeed has a positive impact on the
pension contribution rate. Moreover, the impact is stronger in the absence of a PAYG
pillar, since the PAYG contribution rate is not affected by inflation. From Figures 6 and 7
one sees that, in the steady state, the negative response of consumption of generations to
the increase in inflation lasts longer in the situation without a PAYG pillar, reflecting the

absence of inflation risk of that pillar.

It can be seen in Figure 6 that in the baseline simulation the consumption of young almost
returns to the original level after 5 years, while the consumption of young in the situation
without PAYG pillar gradually adjusts during 30 years. From Figure 7 one sees that the
effect on consumption of the old is larger and lasts longer when the PAYG pillar is absent.
In that case the consumption of the old decreases first, because the members of the young
generation whose savings decrease most enter the old generation. Then, when the young
members whose savings decrease less join the old, the consumption of old gradually
bounces back. The base-line scenario can be explained by the same logic. There is an
increase in the consumption of the old after the shock, because the young members who
have more savings then enter the old generation — Figure 8 shows that in periods 4 and 5
savings are higher than the initial level after the initial negative shock. To sum up, the
simulation results clearly show that consumption of both generations returns to its
original level more quickly in the situation with a PAYG scheme than in the situation
without. This illustrates that a PAYG scheme can have a stabilising effect in case of an

inflationary shock.

4.4 A fall in the stock market

A frequently mentioned advantage of a PAYG system, as compared to a pension funded
by collective savings, is that the latter is much more susceptible to stock market
fluctuations — compare also equations (29a) and (29b). This is in particular relevant in the
current situation of a financial crisis, in which we have witnessed strong fluctuations in
the stock market. We use our model to evaluate the impact of these fluctuations, and
consider the impact of a stock market crash, as witnessed in 2008 in the Netherlands. In

response to this unexpected shock, the pension fund will increase the contribution rate.
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We have simulated a shock in the stock market in period 2 which makes the pension fund
wealth fall by 15%, while the real return on equity permanently drops to 80% of its
steady state value. Figures 9 — 12 present the impact on the pension contribution rate,
consumption of young, consumption of old and savings, expressed as a fraction of wage
received when young. We compare the results of a simulation of a system with and
without a PAYG pillar, to show the impact of a PAYG scheme versus a funded scheme.
In the situation without PAYG benefits, the old receive 80% of the wage they earned

from the pension fund.

Figure 9 shows that in the baseline scenario the pension contribution rate increases
strongly as a result of the shock, which seems plausible given the drop in pension
wealth.'” This factor contributes to a fall in consumption of young as can be seen from
Figure 10. Although the pension benefits are not affected by the stock market crash, the
decrease in the consumption of the old follows from the lower savings — compare Figures
11 and 12. The sharp decrease in savings observed in Figure 12 follows from the decline
in life-time income due to the stock market crash, while the young want to maintain a

certain level of consumption.

Figure 9 The adjustment path of Figure 10 The adjustment path of
the pension contribution rate consumption of young
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15 This large increase in contribution rares can be explained by two assumptions. The first is that risk is
totally born by the young generations. In reality the pension fund can also choose to reduce the pension
benefits or the indexation ratio. The second assumption is that the recovery period is 5 years. In The
Netherlands, the recovery period when liabilities are no longer fully funded is, under normal circumstances,
3 years; in case the reserves of a pension fund fall short of regulatory required own reserves, the recovery
period is 15 years.
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Figure 11 The adjustment path of Figure 12 The adjustment path of savings
consumption of old
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One sees from Figures 10 and 11 that the response of consumption of both young and old
to the shock is larger in the situation without a PAYG pillar: Consumption in the
adjustment periods is lower in that situation since the first pillar is not affected by the
shock in the stock market — see also equation (29a). This illustrates the advantage of a
PAYG pillar under these circumstances. As can be seen from Figure 12, savings in the
situation without the PAYG pillar decrease more because of the larger effect of the stock

market crash.

4.5 Equity risk

In previous simulations we did not consider equity risk. However, the actual equity return
is volatile. From equation (22) one sees that the variance of the equity return affects the
pension contribution rate: the larger the variance of the equity return the higher the

variance of z”will be. Due to the impact of equity risk on the pension contribution rate,

both consumption and savings will be affected. We illustrate this by simulating the

impact of varying equity return.
Let equity returns follow a lognormal distribution (Draper and Westerhout, 2009). The

expected equity return is 3.5%. We draw 100 different stochastic paths and calculated the

expected developments for the equity return with a standard deviation equal to 0.025 and
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0.05.'° The five Figures below show the steady state path and the expected developments
of the equity return, pension contribution rate, consumption of the young, consumption of

the old and savings during 30 years.

In Figure 13 we can see that the time path of expected equity return is more volatile, the
higher the standard deviation of the equity return is. Consistent with equation (22) the
path of the pension contribution rate is more volatile too, as can be seen from Figure 14.
Comparing Figures 13 and 14 shows that when the equity return is higher than the equity
return in the steady state, the pension contribution rate is lower than the one in the steady
state. This can be explained by the negative impact of the returns on pension wealth on

the pension contribution rate — see also equation (21).

Savings are also more volatile when the standard deviation of the equity return is higher,
as is illustrated by Figure 15. Comparison of the latter with Figure 13 illustrates that the
relation between savings and equity returns is positive. As we mentioned above, young
individuals pay a lower pension contribution rate when equity return is higher: then they

17
have more left to save.

From Figure 16 one sees that the volatility of the consumption of the young also is higher
the larger the standard deviation of the equity return is. The same phenomenon can be
observed for consumption of the old in Figure 17. The relation between the consumption
of the young and the old on the one hand, and equity return on the other is less clear,

however.

1% The standard deviation of the equity returns, each year from 1993 to 20009, is calculated from the
database of CRSP According to the calculation the biggest standard deviation is 0.05 and the smallest is
0.025. With equity returns following a lognormal distribution, the coefficient of variation is equal

std *

2
m

Therefore, the largest and the smallest coefficient of variation are 1.11 and 0.41, respectively.

to 1+ log(

), where std is the standard deviation and 71 is the mean value of the equity return.

"7 In our model we do not consider the possibility of risk aversion.
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Figure 13 The adjustment path of
equity return
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Figure 15 The adjustment path of savings
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Figure 17 The adjustment path of
consumption of old
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Figure 14 The adjustment path of
the pension contribution rate
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Figure 16 The adjustment path of
consumption of young
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The latter can be explained as follows. Consumption is proportional to total wealth. Total
wealth is the sum of financial wealth and human capital. For the young, human capital is
the sum of the present value of after-pension contribution wage in the young period and
the present value of pensions, which is not affected by equity return. However, the
contribution paid into the pension fund is affected by equity return as mentioned above.
Financial wealth equals savings accumulated in the previous periods, and equity return
has an effect on savings as already explained in Figure 15. Figure 16 represents the
average consumption of all 40 generations of young people. If the total wealth of a young
generation is larger than the total wealth of the corresponding young generation in the
steady state, consumption of young will increase. When more young generations have

larger total wealth, consumption of young increases more.

The developments shown in Figure 16 can be explained using this logic. For example,
from year 5 to year 20, consumption of the young - when the standard deviation is 0.05 -
is larger than consumption of the young in the steady state. During these years the
increase in consumption of the young who have larger total wealth dominates the
decrease in the consumption of the young who have smaller total wealth, which can be
checked in Figures 14 and 15. In these years, the pension contribution rates are lower
than in the steady state — at least most of the time - which increases human capital.

Savings are higher than in the steady state in most years, which increases financial wealth.

For the old, human capital is the present value of pensions, which is not affected by
equity return. Financial wealth is accumulated savings, which are affected by equity
return as explained above. Figure 17 represents the average consumption of all 20
generations of old persons. If accumulated savings of a recent old generation are larger
than accumulated savings of a recent old generation in the steady state, consumption of
old will increase, assuming that the present value of the pension benefits is constant.
When more old generations have larger accumulated savings, consumption of old
increases more. This allows explaining the developments presented in Figure 17. For

example from year 5 to year 20, consumption of the old increases steadily when the
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standard deviation is 0.05. This is consistent with the observation from Figure 15 that all

recent old generations have larger accumulated savings than in the steady state.

In summary, we find that higher volatility of equity returns leads to more volatile
consumption patterns of both generations and both the pension benefits and savings

fluctuate in line with equity returns.

5. Concluding remarks

In this paper we model a three-pillar pension system in a small open economy with two
overlapping generations. This model allows us to examine how pension benefits, returns
on bonds and equity, the participation rate, the population growth rate, the survival rate,
the inflation rate and the division of the pension contribution rate between firms and
workers affect the consumption of the young and the old, as well as savings, in the steady

state.

The model presented in this paper allows us to study the interaction of the three pillars
under different exogenous (economic) shocks. For this purpose, the impact of ageing,
inflation and a stock market crash has been simulated for the case of The Netherlands.
The simulation results clearly demonstrate that the existence of the three-pillar system,
notably the coexistence of a PAYG scheme and (private) pension savings, contributes to
risk diversification - positively affecting pension benefits and consumption under various
shocks. We show that the first pillar acts as a stabilising force in case of a stock market
crash and inflation, whereas stabilisation is provided by the second and third pillar when

the economy is affected by an ageing society.

Our findings also put the conclusions of the Commissie Toekomstbestendigheid
Aanvullende Pensioenregelingen (2010) in perspective. It is true that the pension
contribution rate is also affected by ageing of the population, but — overall — to a much
lesser extent than the PAYG tax rate. A substantial funded pension pillar is required, in

particular in an ageing society, to continue to be able to provide adequate pension
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benefits. Scaling down funded pension schemes, as suggested by the Commissie, given
the expected increase in the pension contribution rate, might in the medium to long term

only aggravate the problem.
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Appendix

I Deviation of results in Table 1

In this part we presents details to clarify the roles of the public pension, the pension fund
benefits, the employer’s contribution to the pension fund, inflation, bond returns, equity
return, the participation rate, the population growth rate and the survival rate.

1. The effects of the public pension

According to equations (27) and (28), it follows that:

o __ € (A1)
o&¢  (I+n)p
or’

=0 A2
o (A2)

Which show that an increase in the public pension has a positive effect on the PAYG-tax

rate and no effect on the pension contribution rate.
According to equations (23), (24) and (25), it follows that:
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Which show that the effects of an increase in the public pension on the consumption of
the young and the consumption of the old depend on whether (1+r”) is larger or smaller

than (1+g)(1+n). If (1+7") > (1+g)(1+n), an increase in the public pension decreases the
consumption of the young and the consumption of the old. The relation between the

public pension and savings is negative.

2. The effects of the pension fund benefits

According to equations (27) and (28), the effects of the pension fund benefits on the

PAYG-tax rate and on the pension contribution rate are:

g; -0 (A6)
T _ £ (A7)
a&"  1+r¢

Thus the pension fund benefits do not affect the PAYG-tax rate and the effect of an

increase in the pension fund benefits on the pension contribution rate is positive.

According to equations (23), (24) and (25), the effects of the pension fund benefits on the

consumption of the young and the consumption of the old are:
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Thus when (1+r¢)< (1—B)(1+r") the effects of an increase in the pension fund benefits
on the consumption of the young and the consumption of the old are negative. The effect

of an increase in the pension fund benefits on savings is negative.

3. The effects of the employer’s contribution to the pension fund

According to equations (27) and (28), the effects of the employer’s contribution to the

pension fund on the PAYG-tax rate and on the pension contribution rate are given by:

o7t

= All
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Which show that the employer’s contribution to the pension fund has no effect on the
PAYG-tax rate and on the pension contribution rate. According to equations (23), (24)
and (25), the effects of the employer’s contribution to the pension fund on the

consumption of the young , the consumption of the old and savings are given by:
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Thus the effects of the employer’s contribution to the pension fund on consumption and

savings cannot be derived explicitly.
4. The effects of inflation

In order to identify the effect of the inflation rate 7, we need to analyze it in two
situations. The first is when the expected inflation 7z¢is equal to the actual inflation 77,
which is possible when the actual inflation rate is constant. The other is when the actual
inflation 7z changes unexpectedly, which means the expected inflation z° is not equal to

the actual inflation 7 .

In the first situation, according to equations (23), (24), (25), (27) and (28), it is obvious
that when the expected inflation z°is equal to the actual inflation 77, the inflation has no

effect on consumption, savings, the PAYG-tax rate and the pension contribution rate.

When the actual inflation 7 changes unexpectedly, equations (23), (24), (25), (27) and (28)

are rewritten as:

o= Aw (A16)
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Differentiating equations (A19) and (A20) with respect to the actual inflation rate 7 :
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Differentiating equations (A16), (A17) and (A18) with respect to the actual inflation

rate 7 :
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o1+ A)

aZ mnmrﬂn Lo
z }w+[7(1+/l)]9/\a—<0 (A24)
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+[1—Tg—(1—/3)f”]pg—w—
T

WA ma-pps
/4 or

elyd+ D)1 +(1+ 1)

,Z-P
or or

(-7¢-1-B)7"1p

{

A1+ 1)

ox }W‘Ag_ivﬁ 0 (A25)

1
M%mubfﬁn

elyd+D)1° + 1+ A)

. o+ A1) :_(1+rb)(1+7ﬁ)

Wh 0
“ Tor a+m
ow - a X B or’
- = _ 1_ Al—a V-« 0
or - (rk) (1+ Bt")* oz <

According to equation (A21), the PAYG-tax rate does not respond to the actual inflation
rate. The actual inflation rate affects the pension contribution rate positively according to
equation (A22). The effect of the actual inflation rate on the consumption of the young is
ambiguous according to equation (A23). According to equations (A24) and (A25), the
effects of the actual inflation rate on the consumption of the old and on savings are

negative.

5. The effects of bond returns

According to equations (27) and (28), the effects of bond returns on the PAYG-tax rate

and on the pension contribution rate are given by:

a7¢

=0 A26
or’ ( )
a7’

=0 A27
or’ ( )

Which show that bond returns have no effect on the PAYG-tax rate and on the pension

contribution rate.
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According to equations (23), (24) and (25), the effects of bond returns on the

consumption of the young , on consumption of the old and savings are given by:

1

I’ -7 —(1- B’ lepwly+r")1? = 1
b 1 (1-=)-
or o

{ely+7")]° +(1+7"))
& p+ &A1+ 9)]

ey +7r")17 + (1 +r"))

1
(L rya+ e +1wso (A28)
0 >

o 8 __ _ P b l 3
g - Mor ZU DT (LT ) e+ 1)1+

{ely(+r"))° +(1+7"))

g’ p+¢t(+g)]

A+ So (A29)
(ely(L+r")]? +(1+ ")) g

Bs ozt (- frlemly el L
{elyA+r")1% +1+r"))
g[fﬂp+.§fg(l+g)] {ﬂ/U’(Hrb)]E_lH}wEO 30)

{e[yd+7r")1% + (1 +r"))?

y 0
de ~<0, 8% >0, a—sb > (0 and the effect of bond returns on the
or or or

consumption of the young is negative; the effects of bond returns on the consumption of

Therefore, if % > 1, then

the old and on saving are positive.
6. The effects of the equity return

According to equations (27) and (28), the effects of the equity return on the PAYG-tax

rate and on the pension contribution rate are found by evaluating the partial derivatives:

978
or¢

=0 (A31)

40



o7t & (A32)
or¢ (1+7°)?

Which shows that the equity return does not affect the PAYG-tax rate and the equity

return affects the pension contribution rate negatively.

According to equations (23), (24) and (25), the effects of the equity return on the
consumption of the young , the consumption of the old and savings are found by

evaluating the partial derivatives:

ar?
v —(1+rb)(1—/3)l?wie
o _ MR YN (A33)
¢ 1 or¢
eyd+rHe +1+r")
. - ppw s
= [y(1+ )] 1 I’ Ao (A34)
are b\17 b r€
ey +r)]° +(1+r")
1
L
os _ Zelydt P A=p)pwor” —(1—,5)7”]p—A}%>0 (A35)
Ly + )8 +(1+1r") d
ar?
Where — = — (1 =) A (—)1-« 9"
ere P (l1-a) (rk) 1+ fr )

Which shows that the consumption of the young, the consumption of the old and savings

respond positively to an increase in equity return.
7. The effects of the participation rate

Differentiating equations (27) and (28) with respect to the participation rate p :

8 8
Jet &' g (A36)

op _(1+n)p2
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Ca (A37)

We can conclude that the participation rate has a negative effect on the PAYG-tax rate

and has no effect on the pension contribution rate.

Differentiating equations (23), (24) and (25):

oc? —(1+rb)PaaTg +(+ =78 == p)r" |+ &7
o= P 1 w>0 (A38)
P elyA+rH)1° +A+r")
by OTE b

) L =(1+r")p +A+r)[1=-78 == pB)r" ]+ "

S =1 . 1 MG
P ely(+ )]0 +(1+rb)

1
b\19 g8 _ _ _

g_s:8[7(1+r -z 1 A=-prl-e&” (A40)
P ey + )% +(1+r")

Therefore, the effect of an increase in the participation rate on consumption and savings

are positive.
8. The effects of population growth rate

Differentiating equations (27) and (28) with respect to the population growth raten :

ar’ st

=— 0 A41
on (1+n)? < (Adl)
aa:) =0 (A42)

Thus, population growth rate has a negative impact on the PAYG-tax rate. The

population growth rate does not affect the pension contribution rate.
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Differentiating equations (23), (24) and (25) with respect to the population grow raten :

y b
dc _ (1+r1)pw a7s >0 (A43)
bas ,. on
elyd+rH)? +1+r")
o 1 b
%" = —[p1+r"))? (””l)pw 97 20 (Ad4)
n

ey + )% +(1+r") on

1
ﬁ _ 8[7(1+rb)]5 pw 97t
- 1

>0 (A45)
elyd+r)]° +A+rty

Thus, the population growth rate has a positive impact on the consumption of the young,

the consumption of the old and savings.

9. The effects of the survival rate

Differentiating equations (27) and (28) with respect to the survival rate €

ore £
= 0 A46

oe  (I+n)p g (A46)

k2 &’

LABI S A47

o€ 1+r€> (A47)

Which shows that the impacts of the survival rate on the PAYG-tax rate and on the

pension contribution rate are both positive.

Differentiating equations (23), (24) and (25) with respect to the survival rate £:
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ds _ely(+r"))°ll-7¢ —(1- Pz’ 1p— el p+ £ (1+2)] ow
de b ) de
eya+r)e +1+r")
Lyl + 7 Y]? [ +(1 ﬁ)a’ 1pw
- +
elyd+ r")ﬁ + (147"
A+r)yad+rH°[1-7% —(1- ﬁ)TP]pW [EPp+&EA+ I +r")w <0 (A50)

{elyd+r" )]9 +(1+r"))

p
Wherea—wz— fw_ o7 <0
o€ 1+ pz" d¢e

Although the impact of the survival rate on consumption and savings cannot be derived
explicitly, with sensible values of the parameters, the effects on consumption and savings

should be negative.

10. The effects of (changes in) productivity
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Differentiating equations (27) and (28) with respect to the productivity g :

8

aarg =0 (A51)
P

aa; ) (A52)

We can conclude that changes in productivity have no effect on the PAYG-tax rate and

the pension contribution rate

Differentiating equations (23), (24) and (25):

o’ _ & w+Ag—w>0 (A33)
e+ )% +(1+r") &
¢ N o
=+ Lo 50 (A54)
dg g
& =2 == By lp - A 2 = w>0 (AS5)
og o :

elyA+r")° +A+r")

Where ow = Ag(ﬁk)g L oA >

—>0
og r 1+ Bz’ dg

Therefore, the effect of an increase in productivity on consumption and savings are

positive.

II A continuous time version of the model

In this part we present how the two-period discrete OLG model is transformed to a
continuous-time model, on which the simulations in section 4 are based. In the
continuous-time model, the firms and the public sector are modeled in the same way as in
the two-period discrete OLG model. The models for consumer behaviour and the pension

fund are adapted as follows:
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1. Consumers

The model consists of overlapping generations of consumers. Each year N young people
enter the economy and each year N people die. This implies that each year, entries and
deaths exactly match. Hence, the total population in the economy is constant over time.
Moreover, the young people enter the economy at the age of 25 and retire at the age of 65.

Therefore persons remain young for 40 years. Persons die at the age 85. In this case the

ratio of the old to the young in the economy £ follows from:
ersNdv = J.SSNdv —E= 1
25 65 2

Hence an increase in the age of death, other things constant, leads to a higher value of ¢ .

The young persons, who participate in the labor market at arate p (0 < p <1), earn a real

wage income w,, from which they contribute to the public sector (i.e. the first pillar) and

the pension fund at rates 7% and (1— £)z”, respectively. Net income then is spent on
consumption and asset accumulation. When old, the people do not work, but receive a
public pension7® and a pensionz” from the pension fund.'® A person who enters the

economy at time v therefore faces the following lifetime budget constraint at time

t<v+60

AW +W (1) = [ " e, $)e R ds V<1<v+60 (A56)
with

W =[""10-74 )~ (1= Br () pwis)le ™ ds+ [Ty () +77 ()™ ds

v<t<v+40 (A56a)

W, =[""n* () +n" ()l ds vHA0 <1<+ 60 (AS6b)

'8 Actually, only those who have worked when young receive pension benefits, but in our aggregate
analysis we take that into account by including the participation rate.
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Here c¢(v,s) is consumption at time s for a person entering at time v and

R(t,s) = rr(u)du is the compound factor betweent and s, where r(u) is the interest
13

rate. A(v,t) are the assets of the person and W(v,t) his human capital. For the young

persons (t—40<v<t), VE/(v,t) is the sum of the present value of after-pension

contribution wage in the young period and the present value of pensions; see equation

(A56a). For the old persons (1 —60 <v<t—40) at time t, W(v,t) is the present value of

pensions; see equation (AS56b).

Thus the budget constraint (A56) states that lifetime consumption cannot exceed the

value of the human and financial capital.

Given the budget constraints (A56), individuals maximise the remaining lifetime utility.

v+60 ¢(V, §) 1-6

EU(v,1) = j - e PO ds (A57)

where p measures the rate of time preference '’ and 1/6>0 is the elasticity of

intertemporal substitution. Maximising equation (AS57) subject to the budget constraints

results in the following first-order condition
c(v,5) e = A(t)e " (A58)

In this equation c¢(v,s) ?is the marginal utility of time s consumption, and A(r) measures
the marginal utility of lifetime wealth. But A(z) for the young is different from the one
for the old because of different budget constraints. Equation (A58) shows that
consumption is chosen at each time to equate the discounted marginal utilities of
consumption and lifetime wealth. Differentiating (AS58) with respect to s , the

consumption Euler equation is derived.

' The rate of time preference is 1.3% on a year basis. CPB(2007).
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c(v,s) l 3
) e[r(S) Pl

From equation (AS58), if s =¢

1

c(v,)=At) °
By incorporating (A60) into (A58) we find
C(V, S)—He—p(x—t) — C(V’t)—ﬁe—R(l,s) — C(V’Z,)—Be—HR(I,S).e—(l—H)R(t,_S‘)

hence,

v+60 v+60
J. c(v,1)Pe PN IORES g — J. c(v,s)?e Ry
t t

[Aw,0) +W (v,0)]° = jv+6oc(v,s)ge“gR(“”ds

Using equation (A63) and since for constant r we have R(t,s)=r(s-t):

[€[<1—0).r—pJ<v+60—r) —1]

1-6).r—p

v+60 oy _
J‘ ORI g (1) =
t

Which implies that

1-6).r— = _
.0 = g bV LA + W (0]

According to equation (A64), optimal consumption is proportional to total wealth.
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(A59)

(A60)

(A61)

(A62)

(A63)

(A64)



We have defined the human capital W(v,t) in equations (A56a) and (A56b), for young
and old , respectively. Below we will show how the assets A(v,r) are defined in equations

(A68) and (A70), for young and old, respectively.

Since a person enters the economy without financial wealth at ¢ = v, it follows from (A64)

that

c(v,v) = [%]HW (v, ) (A65)

From equation (A61) we know, assuming a constant r:

1

0 (s 0 —r(s (r=p)i-s)
c(v,5) e =c(w,1)Pe"™ hence c(v,r)=c(v,s)e’

1
. —(r=p)(t-v)
— 0
The Euler equation shows that c¢(v,r) = ¢(v,v)e in the young period

v Stsv+ 4O), so that we obtain:

Lir-p)iv) 1-6).r—p =
cv,t)=e [W]H W (v,v) (A66)

For the young generation (v <t <v+40), asset accumulation follows:
AW,1) = rA(v,0) +[1=7° (1) = (1= B)” ()] pw(t) — (v 1) (A67)
Where c¢(v,t) is defined according to equation (A66).

Solve A(v,t) from
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e"I-7f —(1-B)z"1pw

r

A1) =— (e —e™)

(p—r)v (1 0)1" _p 1 (1-6)r— p (I—H)r—pv 6 o
_ N T 7 [ _ 4 -
e e [ 60[(1 6)r— /7] ] [ e ] W(V, V)

1-0r-p

r(l—v)_
- M=zt - = prer o1pwin + LD~

;p(t—v) o

Thus assets for the young are given by equation (A68).

For the old generation (v+40 <t <v+60), asset accumulation follows:
A, 1) = rAWw,0) +[1* () +7" ()] = c(v, 1)

*(r pt—v—

Where c(v,t) =e? c(v,v +41) with

c(v,v+41) = [w] LA,y +41) +W (v,v +41)]

o 1L0-0)7-p]
Solve A(v,t) using the same method mentioned above

" )-n"®)
r
(p-r)r+4l)  (=0)r=p, (1—9;"p(v+41) o

—e”e ¢ [6 o —e ]mc(v,v+4l)

(e—rt _ e—r(v+41) )

A,t)=—

r(t=(v+41))

’ - 7P (1-ya)
= A(v’ v+ 40)6" (t—v—40) + 67 (ﬂg (t) + ﬂp (t)) + [er(r—v—41) _ 9 7]
r

Thus assets for the old are given by equation (A70).

Then we can define savings as follows:
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60[(] -0)r—p] 1] [ ](1_0)r_p

A-&)r-p

W(v, V)

(A68)

(A69)

c(v,v+41)

(A70)



sw,t)=[1=78@)— 1= B)c” )] pw(t) —c(v,t) v<t<v+40 (A71)
sw,ty=[n*@)+n’@®)]—c(,t) v+40<t<v+60 (A72)

2. Pension fund

The population is of size N , which is distributed uniformly over ages indicated by v .The

pension fund has wealth W,” at moment ¢, it receives contributions 7, pw,, from workers

of age v and pays out benefits 777, to retirees of age v. The wealth is invested in equity

atreturn . Therefore, the pension fund wealth accumulates according to:
. . 65 85
WP =W, + [ Nel pw, dv—[ Nyldv (A73)

We assume the contribution rate z” and wage ware the same for all ages of workers,

that is 7, =7 and w,, =w,. Similarly the benefit 7”is the same for all retirees, i.e.

n!, =n/. Then we can simplify equation (A73) to:

W, =rW, +40Nz’ pw, —20N7; (A74)

t

By contributing into the pension fund a young individual of age v at moment ¢ obtains a

pension right/”, The pension right is essentially an annuity which grows over time at

rate 7’ . Individuals are only willing to participate in the pension fund when the fund

guarantees them a return on assets which they could at least yield themselves. As a

consequence, the young individual’s pension wealth L, accumulates as follows:

L =r'ery +1r, v<t<v+40 (A75)
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For simplicity we assume the accrued pension rights to be identical for all age groups and
constant over time — hence !, =1 . From equation (A75) we can solve L{;, which yields:

vt

y lp rb t—v
L :r_b[e = _q] v<t<v+40 (A76)

v,v+40

p b
With LI"” =0 as starting value and which ends at ", = l—b(e4°’ -1 .
r

For the old generation the individuals’ pension wealth equals the accrued pension rights

minus the pension benefits that have been paid out. Therefore

e =r're —nr, v+40<t<v+60 (ATT)
. , r . . .
with L, = r—b(e‘“”h —1) as starting value and which ends at L) ,, = 0.

Similarly from equation (A77), we can solve L{, leading to:
b P b
L0 =L e 0 e 0 40 <1 < v 460 (AT8)

v,v+40 b
r

When benefits are constant over time, i.e. 777, =77”, the starting value of LY} is L},

and the end value should be L’ ., = 0. The latter implies:

v,v+60
P o_ ﬂp 20"
["=———F——(e 1) (A79)

Then the sum of the individual’s pension wealth at moment t (L{,) is the liability of the

pension fund P”.
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PP =N Ldv (A80)

According to equation (A76), the liability for the young generation is equal to the
accumulated pension rights (/7 ) up to moment t. And according to equation (A78), the

liability for the old generation is equal to the accumulated pension rights in the young

period minus the pension benefits (77”) that have been paid.

Therefore, the pension liability of the pension fund is:

t t . t—40
P'=N[ Ldv=N[ ILdv+N[ 'LIidy
-60 —40 v -60 ¥

NI? | o0 » 40NI” 20Nnp” Nn’ b
=rTb(e40 _1)620 _ rb + rhn + rZ) (1_620 )
(A81)
Substituting equation (A79) into equation (A81) yields:
p p »
pr= 20N NI (A82)
r rb (eGOr _ 6207‘ )

According to equations (A75) and (A77), the accumulated individual’s pension wealth

can be aggregated as:

i7=N[ irav=nN[ irav+nN[ "ird
4 _N.[fao Vit v_N.L40 Vit V+N-[—6O va @V

(A83)

We assume that the benefits 77” are the same for all retirees and the pension rights /7 are

the same for all workers. Then we can simplify equation (A83) to:
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if = Nr' [ Lf,dv+40NI} —20Nn/ (A84)

The accumulated liability of the pension fund is equal to the aggregated accumulated

individual’s pension wealth.

. . 1
Br =17 =Nr"[ LI dv+40NI! - 20N7! (A85)

WithP” =N I t o L’ dv, equation (A85) can be written as:
60"

P’ =r"P” +40NI” — 20N/ (A86)

The accumulation of the wealth in the pension fund equals the accumulation of the

liability in the pension fund, therefore:
W' =F’
From equations (A74) and (A86) we then find
r'W" +40Nt! pw, —20Nn" =r"P” + 40NI” —20Nn/

(A87)

p

Tl = (r’P? +40NL” —r'W,")
40Npw,

In the steady state, the pension fund wealth (W ”) equals the pension fund liability ( P”).

Equation (A87) can be written as:

! (A88)

- 40Npw

p

[40NI” —(r® —r")P"]
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Substituting equations (A79) and (A82) in equation (A88), we get:

o=l L e STl e (Cperd L
pw  40Npw eGOrh _ezor” P 2 eGOrb _ezor"
e 20r° e
rt e -1 ., 1.1 »
S e 3G he

(A89)

With 7 =&7 pw

When the accumulated wealth is not equal to the accumulated liability because of an

unexpected shock, the pension fund will adjust the contribution rate according to:

= 4015 (1 PY +40NI} =1 W,") = p(W,” = P?) (A90)
PW;

3. Simulation process:

With the equations derived in the previous two sections of this appendix for the
consumers and pension fund, and the equations in the paper for the firm and public sector,

we can simulate the model in the steady state and in case of shocks.

In the steady state, with equation (A89), (5) and (16), the pension contribution rate, wage
and the PAYG tax rate can be calculated. Then, according to equation (A64),
consumption of the young can be calculated by aggregating the consumptions of 45
young generations. Consumption of the old can also be calculated by aggregating the
consumptions of the 15 old generations. Finally, savings can be derived from equation

(A71) and (A72), for the young and the old, respectively.

If the shock affects the pension fund, equation (A90) can be used to derive how the
pension contribution rate is affected dynamically. With the dynamics of the pension

contribution rate known, using equation (A64), the dynamics of consumption of the
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young and consumption of the old can be derived. The dynamics of saving can be derived

according to equation (A71) and (A72).

When the shock affects the PAYG pillar, equation (5) can be used to derive how the
PAYG tax rate is affected dynamically. The dynamics of consumption of the young and
consumption of the old can be concluded with equation (A64), based on the dynamics of
the PAYG tax rate . The dynamics of savings can be derived from equations (A71) and
(A72).
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